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= VVIRIEUTE EUTS TETT] W = JUTIT 892 O1Z,09T1,Z1Z
T Twitter (WWW) @D =L 41,652,230 1,468,365,182
TF Twitter (MPI) @b =0 52,579,682 1,963,263,821
FR Eriendster @b =0 68,349,466 2 586,147,869
uL UK domain (2007) (1@ W= Ee= 105153952 3,301,876564

l.;‘ ] l% KONECT graph datasets
Graph500 Benchmark

‘GR

Top Ten from June 2018 BES

NUMBER NUMBER
INSTALLATION
RANK ¥ MACHINE S VENDOR = S ¥ LOCATION % COUNTRY ¥ YEAR ¥ OF ¥ OF ¥ SCALE ¥ GTEPS =
NODES CORES
1 K computer Fujitsu RIKEM Advanced Kobe Hyogo Japan 2011 82044 663552 40 38621.4
Institute for
Computationa
science (AICS)
2 Sunway NRCPC Mational Wuxi China 2015 40768 10599680 40 23755.7
TaihuLight Supercomputing
Center in Wuxi
3 DOE/MNRSA/LLMNL IEM Lawrence Livermaore Livermore CA USA 202 95304 1572864 41 23751
Sequoia Mational Laboratory
- DOE/SC/Argonne IEM Argonne Mational Chicago IL USA 202 49152 786432 44 149382
National Laboratory

Laboratory Mira
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(=] VWIRIJEUE SIS 1E11] N T W = = JUTIT %L £, 091, Z1 £
™ Twitter (WWW) | | @ Dbl—= C & 41,652,230 1,468 365 182
TF Twitter (MPI) @D —-C 52 579 682 1,963.263,821
FR Friendster @D —=C 68,349 466 2 586,147 869
uL UK domain (2007) F | 0ou=Ee== 105153952 3,301,876,564
Graph500 Benchmark
Webgraph datasets ( GR
Graph ¢ Crawl date ¢ Nodes ¢ Arcs *
uk-2014 2014 787801471 47614527250
NUMBER NUMBER
eu—-2015 2015 1070557254 01792261600 [N * COUNTRY * YEAR * OF * OF $ SCALE = GTEPS =
NODES CORES
gsh-2015 2015 g88490691 33877399152
e Hyogo 2011 663552
uk-2014-host 2014 4769354 50829923
eu-2015-host 2015 11264052 386915963
gsh-2015-host 2015 68660142 1802747600 |
1 2015 105809680
uk-2014-tpd 2014 1766010 18244650
eu-2015-tpd 2015 6650532 170145510
rmcre CA 2012 1572864
gsh-2015-tpd 2015 30809122 602119716
cluewehl?2 2012 978408098 42574107469 o
a0 IL 2012 85432
uk-2002 2002 18520486 298113762
| =
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=M TVIRIJEUTE Sty TETT] B TW == = JUTI7 892 M Z, 091, ZT £
Tu Twitter (WWW) /@D = k5 41,652,230 1,468,365,182 Web data commons datasets
TF Twitter (MPI) @D —-C 52 579 682 1,963.263,821
i v D — L[
FR Fnendste_r IEL B LI 68,349 466 2 586,147 869 Granularity [ .
uL UK domain (2007) (@ uw=oe= 105153952 3,301,876,564
Fage 3,563 million 128,736 million
E
C I~ 5/~ == 7 XONECT graph datasets |
Graph500 Benchmark Pay.Level-Domain 43 million 623 million
Webgraph datasets { GR
Graph ¢ Crawl date ¢ Nodes ¢ Arcs *
uk-2014 2014 787801471 47614527250
NUMBER NUMBER
eu-2015 2015 1070557254 91792261600 /DN % COUNTRY YEAR % OF $ OF SCALE % GTEPS +
NODES CORES
gsh-2015 2015 g88490691 33877399152
e Hyogo Japan 2011 852944 063552 40 35621.4
uk-2014-host 2014 4769354 50829923
eu-2015-host 2015 11264052 386915963
gsh-2015-host 2015 68660142 1802747600 | _ )
1 China 2015 40768 105809680 40 23755.7
uk-2014-tpd 2014 1766010 18244650
eu-2015-tpd 2015 6650532 170145510
gSh—E[H 5—1:@ 2015 30809122 602119716 rmcre CA USA 2012 Q5304 1572864 41 2375
clueweb12 2012 978408098 42574107469 . - -
a0 IL Usa 2012 49152 85432 40 14982
uk-2002 2002 18520486 298113762
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=M TVIRIJEUTE Sty TETT] B TW == = JUTI7 892 T Z, 091, Z1T £
Tu Twitter (WWW) /@D = k5 41,652,230(1,468,365,182 Web data commons datasets
TF Twitter (MPI) @D —-C 52 579 682 1,963 263 821
I v D — [
FR Fnendste_r IEL B LI 68,349 466 2 586 147 869 Granularity [ o
uL UK domain (2007) (S uwWHoe= 105153952 3,301,.876,564
Fage 3,563 million 128,736 million
~— 1 KONECT graph datasets
-] J%lt grap Host 101 milion 2,043 million
Graph500 Benchmark Pay.Level-Domain 43 million 623 million
Webgraph datasets / GR
Graph ¢ Crawl date ¢ Nodes ¢ Arcs *
uk-2014 2014 787801471 47614527250
NUMBER NUMBER
eu—-2015 2015 1070557254 q] 792261600 [N *# COUNTRY YEAR = OF * OF SCALE GTEPS =
NODES CORES
gsh-2015 2015 g88490691 33877399152
e Hyogo Japan 2011 852944 063552 40 35621.4
uk-2014-host 2014 4769354 50829923
eu-2015-host 2015 11264052 386915963
gsh-2015-host 2015 68660142 1802747600 | _ )
1 China 2015 40768 105809680 40 23755.7
uk-2014-tpd 2014 1766010 18244650
eu-2015-tpd 2015 6650532 170145510
gSh—E'D] 5—1:@ 2015 30809122 602119716 rmcre CA USA 2012 Q5304 1572864 41 2375
clueweb12 2012 978408098 42574107469 . - -
a0 IL Usa 2012 49152 85432 40 14982
uk-2002 2002 18520486 298113762
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'
° The storage

lower bound Encode different parts of a graph
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22 storage lower bounds
Which one? ©

Counting bounds. !
They are logarithmic

(one needs at least log|S|
bits to store an object

from an arbitrary set S)
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(hope to) use to store a graph?

\ VLV

° The storage ‘@ Key idea
lower bound = Encode different Parts of a.grap.h
Vertex representation using (logarithmic)
labels storage lower bounds

Which one? © o

'
Counting bounds. °

They are logarithmic
(one needs at least log|S|
bits to store an object
from an arbitrary set S)
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What is the lowest storage we can
(hope to) use to store a graph?

\ VLV

° The storage ‘@ Key idea
lower bound = Encode different Parts of a.grap.h
Vertex representation using (logarithmic)
labels storage lower bounds

Which one? © o

'
Counting bounds. °

They are logarithmic

(one needs at least log|S| /
bits to store an object Edge

from an arbitrary set S) weights
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(hope to) use to store a graph?

\ VLV

° The storage ‘@ Key idea
lower bound = Encode different Parts of a.grap.h
Vertex representation using (logarithmic)
labels storage lower bounds

Which one? © o

\Adjacency arrays
(edges adjacent
to each vertex)

'
Counting bounds. °

They are logarithmic
(one needs at least log|S|
bits to store an object Edge
from an arbitrary set S) weights
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What is the lowest storage we can
(hope to) use to store a graph?

\ VLV

° The storage ‘@ Key idea
lower bound = Encode different Parts of a.grap.h
Vertex representation using (logarithmic)
labels storage lower bounds

Which one? © o

\Adjacency arrays
(edges adjacent
to each vertex)

'
Counting bounds. °

They are logarithmic
(one needs at least log|S|
bits to store an object Edge
from an arbitrary set S) weights

N
Offsets (locations)

of adj. arrays
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What is the lowest storage we can
(hope to) use to store a graph?

\ VLV

° The storage ‘@ Key idea
e ane g Encode different Parts of a.grap.h
Lo ( Vertex representation using (logarithmic)
8 labels storage lower bounds

Which one? © o

\Adjacency arrays
(edges adjacent
to each vertex)

'
Counting bounds. °

They are logarithmic
(one needs at least log|S|
bits to store an object

from an arbitrary set S) Log ( weights ) o e

N
Offsets (locations)

of adj. arrays

Edge
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What is the lowest storage we can
(hope to) use to store a graph?

° The storage Q @’ Key idea
lower bound = Encode different parts of a graph
Lo ( Vertex representation using (logarithmic)
8 labels storage lower bounds

Which one? © :

\Adjacency arrays
Log ( (edges adjacent )

to each vertex)

'
Counting bounds. °

They are logarithmic
(one needs at least log|S|
bits to store an object

from an arbitrary set S) Log ( weights ) o e

N
Offsets (locations)

of adj. arrays

Edge
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What is the lowest storage we can
(hope to) use to store a graph?

° The storage Q @’ Key idea
lower bound = Encode different parts of a graph
Log (Vertex representation using (logarithmic)
labels storage lower bounds

Which one? © o

\Adjacency arrays
Log ( (edges adjacent )

to each vertex)

'
Counting bounds. °

They are logarithmic
(one needs at least log|S|

bits to store an object Offsets (locations)
from an arbitrary set S) Log ( weights ) o e Log ( of adj. arrays )

N
Edge
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Representation

t—HA
BE— 0B
2pmd 0|3
EB—HAN
—H8
5 yud 4

o\
Offsets

Adjacency arrays
(edges adjacent
to each vertex)
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ADJACENCY ARRAY GRAPH REPRESENTATION

Representation

Opmg 12

2pmd 0|3
EB—HAN
—H8

Offsets \

Adjacency arrays
(edges adjacent
to each vertex)

B
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ADJACENCY ARRAY GRAPH REPRESENTATION

Representation

— HE
H— B
3pmd1]2]4
4 35

5 pad 4

o\
Offsets

Adjacency arrays
(edges adjacent
to each vertex)

Physical realization
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ADJACENCY ARRAY GRAPH REPRESENTATION

Representation

o—HEA
ysical realization

E u Adjacency arrays (one

B—> / contiguous array)

o—B8 112 [[o]3][o]3 3 2] 4 5[5 ][+

o\
Offsets

Adjacency arrays
(edges adjacent
to each vertex)
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ADJACENCY ARRAY GRAPH REPRESENTATION

Representation

—HE

Physical realization
E u Adjacency arrays (one
B—> contlguous array)

—HE 2[4]|3]5]

lI
B0 t 5‘
Offsets \
Adjacency arrays ﬂ.nﬂﬂ
(edges adjacent /

to each vertex) Offsets (another contiguous array)




spcl.inf.ethz.ch oo o
v ovien  ETHzUrich

ADJACENCY ARRAY GRAPH REPRESENTATION

Representation

o—HEA

E u c Adjacency arrays (one

B—> & / contiguous array)
—

n—B8 SRl ol il [l 1]

Physical realization

/

Offsets \
Adjacency arrays ﬂnﬂﬂ
(edges adjacent /

to each vertex) Offsets (another contiguous array)
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ADJACENCY ARRAY GRAPH REPRESENTATION

Representation

o—HEA
E u c Adjacency arrays (one
B—> & / contiguous array)

ad— B8 e

B0 1]2]]0]3] lj'“"
oies \ L =

Adjacency arrays nn_ﬂ/ﬂ
(edges adjacent T

to each vertex) Offsets (another contiguous array)

Physical realization
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ADJACENCY ARRAY GRAPH REPRESENTATION

Representation

—HE
E n - Adjacency arrays (one
B—> & / contiguous array)
—
B—HB (2]
_—

T e

Physical realization

/

Offsets \
Adjacency arrays Log ( nn-ﬂ/n )
(edges adjacent s

to each vertex) Offsets (another contiguous array)
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ADJACENCY ARRAY GRAPH REPRESENTATION

Representation

o—HEA
E u c Adjacency arrays (one
B—> & / contiguous array)
ad— B8 12

B0

Loz (B|DBIDBARAEAA)
T 1_| 5 I_f
Offsets \ -

Physical realization

/

Adjacency arrays Log ( nn-ﬂ/n )
(edges adjacent s

to each vertex) Offsets (another contiguous array)
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Symbols
Vertex Edge
0 Log ( labels )’ Log ( weights) .
n : #vertices,

m : #edges,
d, :degree of vertex v,
N,, : neighbors (adj. array) of

vertex v,

—

N, : maximum among N,
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Symbols
Vertex Edge
0 Log ( labels )’ Log ( weights) .
n : #vertices,

m : #edges,
d, :degree of vertex v,
N,, : neighbors (adj. array) of

vertex v,

—

Ny, : maximum among N,

Lower bounds (global)
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Symbols
Vertex Edge
0 Log ( labels )’ Log ( weights) N - Hvertices
m : #edges,
1 b ds (global) d, :degree of vertex v,
Shidrldlellalebfgiele N,, : neighbors (adj. array) of

UOg nj vertex v,
: maximum among N,

)
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Symbols
Vertex Edge
O Log (1), Log (2%, o
m : #edges,
d, :degree of vertex v,
This is it? °© N, :neighbors (adj. array) of

[log n] Not really © vertex v,
N, :maximum among N,

Lower bounds (global)
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Symbols
Vertex Edge
e Log ( labels )’ Log ( weights) .
n :#vertices,
m : #edges,
Lower bounds (global) dy : degree of vertex v,
This is it? N, :neighbors (adj. array) of
[log n] Not really © vertex v,

)

: maximum among N,

Lower bounds (local)
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Symbols
Vertex Edge
O Log (=), Log( =) o
m : #edges,
d, :degree of vertex v,
Thisisit? ° N, :neighbors (adj. array) of

[log n] Not really © vertex v,
N, :maximum among N,

Lower bounds (global)

Lower bounds (local)

Assume:
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Symbols
Vertex Edge
0 LOg ( labels 77 LOg ( weights) .
n : #vertices,
m : #edges,
Lower bounds (global) dy : degree of vertex v,
This is it? N, :neighbors (adj. array) of
[log n] Not really © vertex v,

)

: maximum among N,

Lower bounds (local)

Assume:
-agraph,eg, V ={1,...,2%4}
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Symbols
Vertex Edge
O Log (=), Log( =) o
m : #edges,
‘ d, :degree of vertex v,
This is it? N, :neighbors (adj. array) of

[log n| Not really © UE= T,
Ny, : maximum among N,

Lower bounds (global)

Lower bounds (local)

Assume:
-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
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Symbols
Vertex Edge

c LOg labels 77 LOg ( weights ) ,
n : #vertices,
m : #edges,

1 bounds (elobal d, :degree of vertex v,

ower bounds (global) This is it? N,, : neighbors (adj. array) of
[logn] Not really © vertex v,

)

: maximum among IV,

Lower bounds (local)

Assume:
-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
- ...all these neighbors have small labels: N; Kn
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Vertex Edge
c LOg ( labels 77 LOg ( weights)

Lower bounds (global) This is it?

[log n| Not really ©

Lower bounds (local)

Assume:
-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
- ...all these neighbors have small labels: N; Kn

v pmg2(34]s

n

m
dy

N,, : neighbors (adj. array) of

N

: #vertices,
: #edges,
: degree of vertex v,

vertex v,
: maximum among IV,
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Symbols
Vertex Edge
o Log ( labels 77 Log ( weights) .
n :#vertices,
m : #edges,
d, :degree of vertex v,
N,, : neighbors (adj. array) of
__vertex v,
N, : maximum among N,

Lower bounds (global) This is it?

[log n| Not really ©

Lower bounds (local)

[log 2%2| = 22

Assume:
-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
- ...all these neighbors have small labels: N; Kn

v pmg2(34]s
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o Vertex Edge sl
LOg ( labels 77 LOg ( weights) .

n : #vertices,

m : #edges,

d, :degree of vertex v,
Lower bounds (global) This is it? N,, : neighbors (adj. array) of

vertex v,
: maximum among IV,

[log n| Not really ©

)

Lower bounds (local)

Assume: [logZZZW = 22

agraph, e, V = {1,..,2) I I

- A vertex v with few neighbors: d,, K n
- ...all these neighbors have small labels: N, < n 0..100 1 0..101

v pmg2(34]s




spcl.inf.ethz.ch oo o
v ovien  ETHzUrich

o Vertex Edge sl
LOg ( labels 77 LOg ( weights) .

n : #vertices,

m : #edges,

d, :degree of vertex v,
Lower bounds (global) This is it? N,, : neighbors (adj. array) of

vertex v,
: maximum among IV,

[log n| Not really ©

)

Lower bounds (local)

Assume: [logZZZW = 22

agraph, e, V = {1,..,2) I I

- A vertex v with few neighbors: d,, K n
- ...all these neighbors have small labels: N, < n 100 0..101

19 zeros!
vpmd2(3]4]5
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Vertex Edge
O Log (=), Log (=) o
m : #edges,
d, :degree of vertex v,
Thisisit? ° N, :neighbors (adj. array) of

[log n| Not really © vertex v,
Ny, : maximum among N,

Lower bounds (global)

Lower bounds (local)

Assume: [logZzzw =22

agraph, e, V = {1,..,2) I I

- A vertex v with few neighbors: d,, <K n

- ...all these neighbors have small labels: N; <Kn 100 0...101
19 zeros!

n_> Thus, use the local bound [108 Nﬂ
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Vertex Edge
o LOg ( labels 77 LOg ( weights)

This is it?

Not really ©

Lower bounds (local): problem

-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
- ...all these neighbors have small labels: N,, << n

Symbols

n

m
dy
Ny

N

: #vertices,
: #edges,
: degree of vertex v,
: neighbors (adj. array) of
vertex v,
: maximum among IV,

Vg 0.10 | 0.11
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Vertex Edge
o LOg ( labels 77 LOg ( weights)

This is it?

Not really ©

Lower bounds (local): problem

What if:
-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
- ...all these neighbors have small labels: N; Kn

Symbols

n

m
dy
Ny

N

: #vertices,
: #edges,
: degree of vertex v,
: neighbors (adj. array) of
vertex v,
: maximum among IV,

Vg 0.10 | 0.11
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Vertex Edge
o LOg ( labels 77 LOg ( weights)

This is it?

Not really ©

Lower bounds (local): problem

What if:
-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
- ...all these neighbors have small labels: N; Kn
- ...one neighbor has a large ID:

Symbols

n

m
dy
Ny

N

: #vertices,
: #edges,
: degree of vertex v,
: neighbors (adj. array) of
vertex v,
: maximum among IV,

Vg 0.10 | 0.11
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Symbols
Vertex Edge
o Log ( labels 77 Log ( weights) .
n :#vertices,
m : #edges,
d, :degree of vertex v,
N,, : neighbors (adj. array) of
__vertex v,
N, : maximum among N,

This is it?

Not really ©

Lower bounds (local): problem
What if:

agraph, e, V = {1,..,22) I I

- A vertex v with few neighbors: d,, K n
- ...all these neighbors have small labels: N; <Kn 0...100 | 0...101

- ...one neighbor has a large ID:

— HEOEEY
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Vertex Edge
o Log ( labels 7 Log ( weights) n - Hvertices
m : #edges,
d, :degree of vertex v,
N,, : neighbors (adj. array) of
vertex v,
: maximum among IV,

This is it?

Not really ©

)

Lower bounds (local): problem

What if: [log 22| =20

agraph, e, V = {1,..,22) I I

- A vertex v with few neighbors: d,, K n
- ...all these neighbors have small labels: N; <Kn 0...100 | 0...101

- ...one neighbor has a large ID:

— HEOEEY
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Vertex Edge
o Log ( labels 7 Log ( weights) n - Hvertices
m : #edges,
d, :degree of vertex v,
N,, : neighbors (adj. array) of
vertex v,
: maximum among IV,

This is it?

Not really ©

)

Lower bounds (local): problem

What if: [log 22| =20

agraph, e, V = {1,..,22) I I

- A vertex v with few neighbors: d,, K n
- ...all these neighbors have small labels: N; <Kn 100 0...101

- ...one neighbor has a large ID:

— HEOEEY

17 zeros!
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Symbols
Vertex Edge
0 Log ( labels )’ Log ( weights) .
n : #vertices,

m : #edges,
d, :degree of vertex v,
N,, : neighbors (adj. array) of

vertex v,

—

N, : maximum among N,
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Symbols
Vertex Edge
O Loz (), Log () o
m : #edges,
| dy, :degree of vertex v,
...Use Integer Linear ° N, :neighbors (adj. array) of

vertex v,
: maximum among N,

Programming (ILP)!

)
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Symbols
Vertex Edge
G Log ( labels )’ Log ( WEightS) n :#vertices
m :#Edges; ’
' dy, :degree of vertex v,

...Use Integer Linear ° N, :neighbors (adj. array) of
vertex v,

—

N, :maximum among N,

Programming (ILP)!

Lower bounds (local) enhanced with ILP
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Vertex Edge
e Log ( Iabzls )’ Log ( weigghts)

'
...Use Integer Linear °

Programming (ILP)!

Lower bounds (local) enhanced with ILP

Permute vertex labels to reduce
such maximum labels in as many
neighborhoods as possible

Symbols

n

m
dy

N,, : neighbors (adj. array) of

—

N

: #vertices,
: #edges,
: degree of vertex v,

vertex v,
: maximum among IV,

L 4 @spcl_eth
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Vertex Edge
c LOg ( labels 77 LOg ( weights)

'
...Use Integer Linear °

Programming (ILP)!

Lower bounds (local) enhanced with ILP

Permute vertex labels to reduce
such maximum labels in as many
neighborhoods as possible

— HEOEEY

Symbols

S &I

)

: #vertices,
: #edges,
: degree of vertex v,
: neighbors (adj. array) of
vertex v,
: maximum among IV,
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Vertex Edge
c LOg ( labels 77 LOg ( weights)

'
...Use Integer Linear °

Programming (ILP)!

Lower bounds (local) enhanced with ILP

Permute vertex labels to reduce
such maximum labels in as many
neighborhoods as possible

— HEOEEY

n : fvertices,

m : #edges,

d, :degree of vertex v,

N,, : neighbors (adj. array) of
vertex v,

: maximum among IV,

)
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Symbols
Vertex Edge
0 Log ( labels 77 Log ( WEightS) n : #vertices
m : #edges,
' dy :degree of vertex v,
...Use Integer Linear °* N, : neighbors (adj. array) of
o ) B e
v o v

Lower bounds (local) enhanced with ILP

Permute vertex labels to reduce Permute( ) =

such maximum labels in as many ™\ (simultaneously for al
. . other neighborhoods)
neighborhoods as possible

— HEOEEY
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Vertex Edge
o LOg ( labels 77 LOg ( weights)

Symbols

n : fvertices,
m : #edges,
' d, :degree of vertex v,

...Use Integer Linear ° N, :neighbors (adj. array) of
vertex v,

—

Ny, : maximum among N,

Programming (ILP)!

Lower bounds (local) enhanced with ILP

Permute vertex labels to reduce Permute( ) =

such maximum labels in as many ™\ (simultaneously for al = 1007
. . other neighborhoods)
neighborhoods as possible

— HEOEEY
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Vertex Edge
o LOg ( labels 77 LOg ( weights)

Symbols

n : Hvertices,
m : #edges,
' d, :degree of vertex v,

...Use Integer Linear ° N, :neighbors (adj. array) of
vertex v,

—

N, :maximum among N,

Programming (ILP)!

Lower bounds (local) enhanced with ILP

Permute vertex labels to reduce Permute( ) =

such maximum labels in as many N (simultaneously for all < 100?

. . other neighborhoods
neighborhoods as possible ° )
Heuristics: 1

min N, —

— HEOEEY v

VeV
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Symbols
Vertex Edge
o Log ( labels 77 Log ( weights) 1 Hvertices
m : #edges,
' d, :degree of vertex v,
...Use Integer Linear ° N, :neighbors (adj. array) of
vertex v,

Programming (ILP)!

N, :maximum among N,

Lower bounds (local) enhanced with ILP

Permute vertex labels to reduce Permute( ) =

such maximum labels in as many N (simultaneously for all < 100?

. . other neighborhoods
neighborhoods as possible ° )
Heuristics: Inverse of the

_——

—] 1 neighborhood size
Ny —

min
vpmd2|3[4[5] 1M ”

VeV
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Symbols
Vertex Edge
o Log ( labels 7 Log ( WEightS) n :#vertices
m : #edges,
' dy, :degree of vertex v,

...Use Integer Linear ° N, :neighbors (adj. array) of
vertex v,

—

Ny, : maximum among N,

Programming (ILP)!

Lower bounds (local) enhanced with ILP

Permute vertex labels to reduce Permute( ) =

such maximum labels in as many N (simultaneously for all < 100?

. . other neighborhoods
neighborhoods as possible o ° )
Intuition: Heuristics: Inverse of the

maximum 1 —

n—> labels in new min z N.. — neighborhood size
neighborhoods dv

will be smaller \ vev /
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Symbols
\ Ed
0 Log ( ertex ), Log ( 8% ) W :max edge weight,

labels weights :
n : Hvertices,

Formal analyses p,a, B :constants
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o Vertex Edge sl
Log ( labels /7 Log ( Weights) W :max gdge weight,
n : #vertices,
Formal analyses p,a, B :constants

Power-law graphs

Random uniform graphs
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o Vertex Edge sl
Log ( labels /7 Log ( Weights) W :max gdge weight,
n : #vertices,
Formal analyses p,a, B :constants

Power-law graphs

The probability that a
vertex has degree d is:

adP Random uniform graphs
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c Vertex Edge sl
Log ( labels /7 Log ( weights) W :max gdge weight,
n : #vertices,
Formal analyses p,a, B :constants

Power-law graphs

The probability that a
vertex has degree d is:

adP Random uniform graphs
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c Vertex Edge sl
Log ( labels /7 Log ( weights) W :max gdge weight,
n : #vertices,
Formal analyses p,a, B :constants

Power-law graphs

The probability that a
vertex has degree d is:

adP Random uniform graphs

The probability that a
vertex has degree d is:

pd
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c Vertex Edge sl
Log ( labels /7 Log ( weights) W :max gdge weight,
n : #vertices,
Formal analyses p,a, B :constants

Power-law graphs

The probability that a
vertex has degree d is:

adP Random uniform graphs

The probability that a
vertex has degree d is:

pd
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c Vertex Edge sl
Log ( labels /7 Log ( weights) W :max gdge weight,
n : #vertices,
Formal analyses p,a, B :constants

Power-law graphs

The probability that a
vertex has degree d is:

adP Random uniform graphs

The probability that a
vertex has degree d is:

pd

Expected size of
the adjacency array

Expected size of
the adjacency array

E[|A|] = ([logn] + [log)//\/\]) pn?
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Vertex Edge
0 Log ( labels )’ Log ( weights)
Formal analyses: more
(check the paper ©)
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Vertex Edge
0 Log labels Og ( weights ) E[|O]] =n {log (anzﬂ =n |log2p +2logn|

Formal analyses: more
(check the paper ©)

o | = U;/ (dz, [logﬁpw + {loglogﬁpb =Y (dv [logﬁvw {loglogN )

vv,uEV (” < Nv) = [N( ) /ﬁ ]
veV —‘
Al =n [log %—‘ + H [log H |

|A| =2m (flogn] + [logWD

Al = ¥ (do ([tog Ny | + [1ogW]) + [loglog N, | + [loglogW| )

veV

EllAl~ 5 ((“Zbgln)ﬁ_l) (Togr] + [1og 7] ) Efl|Al] = ([logn] + {log/)/\\/]) pn?
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Vert x Ed
0 Log ( |eb T Og ( weiggsts ) E[|O|] =n {log (ZPHZN =n [log2p + 2logn|

Formal analyses: more
(check the paper ©)

o | = ;/ (dv [logﬁp-‘ + {loglogﬁpn o=

veV

n
Al =n [log ﬂ—‘ + H [log H | |

) )

L~
vv,ue A Cray XE/XT NU]
supercomputer
i

A=Y (dv ([bg’z\?v] + [

veV

(5" v gy

\B
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Use the BEXTR bitwise
operation to help extract an
arbitrary sequence of bits

1 /x v_ID is an opaque type for IDs of vertices. x/

2 v_ID Nj,(v_ID v, int32_t i, int64_tx O, int64_tx A, int8_t s){
int64_t exactBitOffset = s * (O[v] + 1);

int8_t* address = (int8_t*) A + (exactBitOffset >> 3);
int64_t distance = exactBitOffset & 7;

int64_t value = ((int64_t=*) (address))[0];

return _bextr_u64(value, distance, s); }

NN O = W
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Use the BEXTR bitwise
operation to help extract an

arbitrary sequence of bits

Return i-th
neighbor of
vertex v

/[ * mopaque e for IDs of vertices. */

v_ID INjo(v_ID(®@, int32_ti i, int64_tx O, int64_tx A, int8_t s){
int64_t exactBitOffset = s *» (O[v] + 1);
int8_t* address = (int8_t*) A + (exactBitOffset >> 3);
int64_t distance = exactBitOffset & 7;
int64_t value = ((int64_t=*) (address))[0];
return _bextr_u64(value, distance, s); }

NSO U e WO N =
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Use the BEXTR bitwise
operation to help extract an

arbitrary sequence of bits

Return j-th

neighbor of .
& Pointer to the
vertex v

\ offset array
1 /% XID is ams opaque e for IDs of &ertices. x/

2 v_ID Njo(v_IDlo, int32_ti i, int64_tx 0, int64_tx A, int8_t s){
int64_t exactBitOffset = s *» (O[v] + 1);

int8_t* address = (int8_t*) A + (exactBitOffset >> 3);
int64_t distance = exactBitOffset & 7;

int64_t value = ((int64_t=*) (address))[0];

return _bextr_u64(value, distance, s); }

NN O = W
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Use the BEXTR bitwise
operation to help extract an

arbitrary sequence of bits

Return i-th
neighbor of
vertex v

offset array adjacency array
1 /% mopaque e for IDs of &ertices. *//

2 v_ID INjo(v_IDl®o, int32_ti i, int64_tx (0, int64_t*x(A, int8_t s){
int64_t exactBitOffset = s *» (O[v] + 1);

int8_t* address = (int8_t*) A + (exactBitOffset >> 3);
int64_t distance = exactBitOffset & 7;

int64_t value = ((int64_t=*) (address))[0];

return _bextr_u64(value, distance, s); }

Pointer to the Pointer to the

NN O = W
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Use the BEXTR bitwise
operation to help extract an

arbitrary sequence of bits

Return i-th
neighbor of
vertex v

offset array adjacency array s = [logn]
1 /% mopaque e for IDs of &ertices. *// /

2 v_ID INjo(v_IDlo, int32_ti i, int64_tx 0, int64_t*x(A, int8_t(s){
int64_t exactBitOffset = s *» (O[v] + 1);

int8_t* address = (int8_t*) A + (exactBitOffset >> 3);
int64_t distance = exactBitOffset & 7;

int64_t value = ((int64_t=*) (address))[0];

return _bextr_u64(value, distance, s); }

Pointer to the Pointer to the

NN O = W
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Use the BEXTR bitwise
operation to help extract an

arbitrary sequence of bits

Return i-th
nelghtbor of Derive exact. offset (in bits) Pointer to the Pc?inter to the

vertex v\ to the neighbor label offset array adjacency array s = [logn]
1 /% &D is aMs opaque e for\ IDs of &ertices. */ /

2 v_ID INjo(v_IDl®o, int32_ti i, iny64_t* 0O, int64_tx(A, int8_t(s){
int64_t exactBitOffset =(5 * (O[v] + i):

int8_t* address = (int8_t*x) A + (exactBitOffset >> 3);
int64_t distance = exactBitOffset & 7;

int64_t value = ((int64_t=*) (address))[0];

return _bextr_u64(value, distance, s); }

NN O = W
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Use the BEXTR bitwise
operation to help extract an
arbitrary sequence of bits

Return i-th

nelghtbor of Derive exact. offset (in bits) Pointer to the Pc?inter to the

vertex v\ to the neighbor label offset array adjacency array

1 /=% &D is aMs opaque e for\ IDs of &ertices. */ / Get the

2 v_ID (Njp(v_IDl®, int32_ti i, iny64_tx* @, int64_tx A, int8_tl8){ closest byte
int64_t exactBitOffset =(5 * (O[v] + i): /alignment

int8_t* address = (int8_tx*) (A + (exactBitOffset >> 3);
int64_t distance = exactBitOffset & 7;

int64_t value = ((int64_t=*) (address))[0];

return _bextr_u64(value, distance, s); }

NN O = W
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Use the BEXTR bitwise
operation to help extract an
arbitrary sequence of bits

Return i-th

nelghtbor of Derive exact. offset (in bits) Pointer to the Pc?inter to the

vertex v\ to the neighbor label offset array adjacency array

1 /=% XID is aMs opaque e for\ IDs of &ertices. */ / Get the

2 v_ID (Njp(v_IDl®, int32_ti i, iny64_tx* @, int64_tx A, int8_tl8){ closest byte
int64_t exactBitOffset =(5 * (O[v] + i): /alignment

int8_t* address = (int8_tx*) (A + (exactBitOffset >> 3);
int64_t distance = (exactBitOffset & 7; = .
int64_t value = ((int64_t*) (address))[0]; Get the distance from
return _bextr_u64(value, distance, s); }

the byte alighment

NN O = W
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Use the BEXTR bitwise
operation to help extract an
arbitrary sequence of bits

Return i-th

nelghtbor of Derive exact. offset (in bits) Pointer to the Pc?inter to the

vertex v\ to the neighbor label offset array adjacency array

1 /=% XID is aMs opaque e for\ IDs of &ertices. */ / Get the

2 v_ID (Njp(v_IDl®, int32_ti i, iny64_tx* @, int64_tx A, int8_tl8){ closest byte
int64_t exactBitOffset =(5 * (O[v] + i): /alignment

int8_t* address = (int8_tx*) (A + (exactBitOffset >> 3);
int64_t distance = (@xactBitOffset & 7, =

- :
int64_t value = ((int64_tx) ((address))[0]; Gfr:;zetijﬁnﬁz]gstm
return _bextr_u64(value, distance, s); }\ Y 8

NN O = W

Access the derived
64-bit value
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Use the BEXTR bitwise
operation to help extract an
arbitrary sequence of bits

Return i-th

nelghtbor of Derive exact. offset (in bits) Pointer to the Pc?inter to the

vertex v\ to the neighbor label offset array adjacency array

1 /=% &D is aMs opaque e for\ IDs of &ertices. */ / Get the

2 v_ID (Njp(v_IDl®, int32_ti i, iny64_tx* @, int64_tx A, int8_tl8){ closest byte
int64_t exactBitOffset =(5 * (O[v] + i): /alignment

int8_t* address = (int8_tx*) (A + (exactBitOffset >> 3);

il‘lt64 t distance = EXaCtBitOF'FSEt & 7; \ i m
- —

int64_t value = ((int64_tx*) ((address))[0]; Get the distance fro

return _bextr_u64(value, distance, s); }

the byte alighment

NN O = W

Shift the derived 64-bit value by d bits / Access the derived
and mask it with BEXTR 64-bit value
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a Log ( Offset structure)
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a Log ( Offset structure)

Use a bit vector instead of an

array of offsets... '
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Use a bit vector instead of an
array of offsets... '
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e Log ( Offset structure)

Use a bit vector instead of an

array of offsets... '

Bit vectors instead of offset arrays
112[[o3][o]3][1]2]a][3]5]

=

0[2{4f6[0]11
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Use a bit vector instead of an
array of offsets... '

Bit vectors instead of offset arrays

o
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e Log ( Offset structure)

Use a bit vector instead of an

array of offsets... '

Bit vectors instead of offset arrays

1[21[o]3]]o]3lf1]2]al[3]5]
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Q Log ( Offset structure)

Use a bit vector instead of an

array of offsets... '

Bit vectors instead of offset arrays

1[21[o]3]]o]3lf1]2]al[3]5]

i-th set bit has a position x =
the adjacency array of a vertex i
starts at a word x
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Q Log ( Offset structure)

Use a bit vector instead of an

array of offsets... '

Bit vectors instead of offset arrays
Inl I I I How many 1s

are set before a
given i-th bit?

i-th set bit has a position x =
the adjacency array of a vertex i
starts at a word x
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a Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1] '

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1] '

Succinct bit vectors

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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Q Log ( Offset structure ) ...Encode the resulting bit vectors as

succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound),
they answer various queries in o(Q) time.

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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Q Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

101010100101000101010111110000001100001...

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

deiEN 101010100101000101010111110000001100001...

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

deiEN 10101010010120001010101111100000012j100001...

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

10gj{l loin logjgz
N N ~

deiEN 10101010010120001010101111100000012j100001...

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

log?n = t; loin logjgz
A N N\ N

deiEN 10101010010120001010101111100000012j100001...

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

log?n = t; loin logjgz
A N N\ N

'
AN 101010/10010{100010010101111/10000001{100001...

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

log?n = t; loin logjgz
A N N\ N

'
AN 101010/10010{100010010101111/10000001{100001...
\ ) e ) o0 e

1l
5logn

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

log?n =t log?n log? n
e > : N % N S N
SR 101/010{10010/100/010010101111/10000001100001...
\1\( 1\1Y ) \1Y }\1Y J \1Y 1\1Y )
Elogn Elogn Elogn 5108" Elogn Elogn

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

log?n =t log?n log? n
r = : N\ = Y4 % N
SR 101/010{10010/100/010010101111/10000001100001...
\1Y }\1Y ) \1Y }\1Y ) - \1Y AlY J
Elogn Elogn =t, Elogn Elogn Elogn Elogn

[1] G. J. Jacobson. Succinct Static Data Structures. 1988
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

Compute & store
the number of 1s

2n = 1 zn\\ log?
loan tq AA ogjkn

r N\ Y4 N

SR 101/010{10010/100/010010101111/10000001100001...
\1Y AlY ) \1Y AlY ) - \1Y AlY JJ o
Elogn Elogn =t, Elogn Elogn Elogn Elogn

[1] G. J. Jacobson. Succinct Static Data Structures. 1988



spcl.inf.ethz.ch oo o
v ovien  ETHzUrich

e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

Compute & store
the number of 1s

2 /[ ﬂzn\\ log?
loan 1 gj\ ogjkn

e N T hYd N
AN 101010/10010{100010010101111/10000001{100001...
\ J\ ) \ J\ J \ \ J

Y Y 1Y Y Y

Y
~Togm— “logn % Liogfl 1)
Elog 5 =t, ogn > ogn > 0 5 ogn
Compute & store

[1] G. J. Jacobson. Succinct Static Data Structures. 1988 the number of 1s



spcl.inf.ethz.ch oo o
v ovien  ETHzUrich

e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

Compute & store n
< 08 n) <log n) o(n)

the number of 1s ~

log n=t A n\ log n

n bits 1001010101 0001j100001...
\ \ J) e \ \ y \ I\ )

[1] G. J. Jacobson. Succinct Static Data Structures. 1988 the number of 1s
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e Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

Compute & store n
< 08 n) (log n) o(n)

the number of 1s ~

log n=t A n\ log n

n bits 10010101010001100001...
\ \ J) e \ \ ) \ I\ ) .




e ‘:;}“ g f\_v.\ —v‘g':_; ’:’,‘"’\-;;, — spcl.inf.ethz.ch .
“\' = . = ﬁ*: \\ « Y @spcl_eth E'HZUf/Ch

0 Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound), F=R57 51| 2ES
they answer various queries in o(Q) time. (hopefully) ¢

Compute & store n
the number of 1s =0 <_10g n) 0 <log n)

log n=t A n\ log n

1001010101 0001/100001...
\ A\ ) \ I\ ) \ n J o

nloglogn
=0 =
) < logn ) -
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Q Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors [1]

Succinct bit vectors They use [Q] + o(Q) bits ([Q] - lower bound),
they answer various queries in o(Q) time.

Total storage:

n+om)+om) + - n n
' =n+ o(n) :Zr:)mputeb& st;);e —0 <—logn> _ 0( )
M e number of 1s ty logn
t1 Ain\ logjct
- N O N N
o 101jo10/10010100010h0101111f100p0001100001...
\ I ) e \ I\ ) .. \ I\ J
Y Y

Y Y Y
1 1 ll 1 11 ll
Elog 5 =t, ogn > ogn > 0 > ogn
Compute & store  _ Elogt —0 nloglogn =-
t ! logn

[1] G. J. Jacobson. Succinct Static Data Structures. 1988 the number of 1s
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Formal analyses
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0 Log ( Offset structure ) ...Encode the resulting bit vectors as

succinct bit vectors '
[ ]

Formal analyses

@ ID Asymptotic size [bits] Exact size [bits] select or O[v]
Pointer array ptrWW O(Wn) W(n+1) O(1)

Plain [44] bvPL O (B il 0(1)
Interleaved [44] bl O (W 4 W) 2wm (§+ %) 0(logY)

W W Z_VI\;@ W
m m ~ m

Entropy based [31, 78] | bvEN O ( 5 10g 3 ) ~ log ( n ) O (log T)
Sparse [76] bvSD O (n +nlog —Vg%) ~n (2 +log %Vn—m) O(1)

B-tree based [1] bvBT O V—VBm) ~1.1- Z—V\Bfﬁ O(logn)

" Wm Wm ~ _2Wm 2Wm

Gap-compressed [1] | bvGC O ( =" log 5 ) ~ 1.3 =" log 5" O(logn)
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0 Log ( Offset structure ) ...Encode the resulting bit vectors as

succinct bit vectors '
[ ]

Formal analyses Check the paper for details ©

@ ID Asymptotic size [bits] Exact size [bits] select or O[v]
Pointer array ptrWW O(Wn) W(n+1) O(1)

Plain [44] bvPL O (B il 0(1)
Interleaved [44] bl O (W 4 W) 2wm (§+ %) 0(logY)
Entropy based [31, 78] | bvEN O ( Mgm log Mg") ~ log (Z_Vgﬂ> O (log %m)

n

Sparse [76] bvSD O (n +nlog —Vl\;’%) ~n (2 +log %Vnﬂ) O(1)

B-tree based [1] bvBT O "—VBm> ~1.1- Z—V\Bfﬂ O(logn)
Gap-compressed [1] | bvGC O Mém log vg;") ~ 1.3 - 20 Jog me O(logn)
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0 Log ( Offset structure ) ...Encode the resulting bit vectors as

succinct bit vectors

Formal analyses Check the paper for details ©

O

| ID Asymptotic size [bits] Exact size [bits] select or O[v]

Pointer array
Plain [44]

Interleaved [44]

Entropy based [3

Sparse [76]
B-tree based [1]

Gap-compressed [1]

ptrWW O(Wn) W(n+1) O(1)

We will show that some are %?
in practice both small and fast!

7’1)

bvGC O M}/gm log "g;") 2 13- zvgm log 211/;\:1111 O(logn)

L 4 @spcl_eth
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Adjacency
Log ( ST Use different relabelings

Degree-Minimizing: Targeting general graphs
(no assumptions on graph structure)
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Adjacency
Log ( ST Use different relabelings

Degree-Minimizing: Targeting general graphs
(no assumptions on graph structure)

More schemes
that assume specific
classes of graphs
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Adjacency
Log ( ST Use different relabelings

Degree-Minimizing: Targeting general graphs
(no assumptions on graph structure)

vermute( EIEICIEIEYE - FICIEIEIEY
\ (simultaneously for all More schemes
other neighborhoods) that assume specific

classes of graphs
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Adjacency :
Log ( ST Use different relabelings

Degree-Minimizing: Targeting general graphs
(no assumptions on graph structure)

rermute FIEIEIEIER) - FICYEIFIED

\ (simultaneously for all
other neighborhoods)

More schemes
(1) The more often a label occurs that assume specific

(i.e., the higher vertex degree), the classes of graphs
smaller permuted value it receives
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Adjacency :
Log ( ST Use different relabelings

Degree-Minimizing: Targeting general graphs
(no assumptions on graph structure)

rermute FIEIEIEIER) - FICYEIFIED

\ (simultaneously for all
other neighborhoods)

More schemes
(1) The more often a label occurs that assume specific

(i.e., the higher vertex degree), the classes of graphs
smaller permuted value it receives

Gap-encode( [ EEIRAIEA ) -
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Adjacency
Log ( ST Use different relabelings

Degree-Minimizing: Targeting general graphs
(no assumptions on graph structure)

rermute FIEIEIEIER) - FICYEIFIED

\ (simultaneously for all
other neighborhoods)

More schemes
(1) The more often a label occurs that assume specific

(i.e., the higher vertex degree), the classes of graphs
smaller permuted value it receives

Gap-encode( [ EEIRAIEA ) -

(2) Encode new labels with gap encoding
(differences between consecutive labels
instead of full labels)
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OVERVIEW OF FuLL LOG(GRAPH) DESIGN

2

)

=9 | ogarithmize vertex IDs... (§3.2) :

Remove leading bits
Example ID (simple bit packing)

N /
Log(H) = Log([0:2010,) = 010,

P89 on DM (§3.2.3) 2
difference
systems . encoding
PR | ogarithmize other elements
(§83.3 - §3.4)
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OVERVIEW OF FuLL LOG(GRAPH) DESIGN

2 3

P¥3 | ogarithmize vertex IDs... (§3.2) €4 3.1(84.2)

LVl | (§3.1) Understand  storage  lower
Example ID (simple bit packing)

5 4 3.2
Log(H) = Log([@M010,) = 010, sucé?nc;;peosrsate (§84.3)

Log(OEHA--1)
v 4 i
Use OPT+0(OPT) space

3.3 theory (§4.4)

) on DM (§3.2.3)

systems . e 3.4 (54.5) performance img
(§3.7) -

o (§3.6) Use Integer Linear Programming
) Logarithmize other elements '

(§3.3-83.4)
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OVERVIEW OF FuLL LOG(GRAPH) DESIGN

2 3 4

) | ogarithmize vertex IDs... (§3.2) €4 3.1(84.2) 4.1(85.1) haucd Ut - 357 ]

leading bi (§3.1) Understand storage Ilower bounds with '+ 5.2
Example ID (Simple bt packing) ——

N yd 7"
. . = Incorporate (§4.3) : (§5.3)
pl) = = Incorporate
Log( .) LOQ(-0102) 010, succinctness recurgiv

Log(OEHE @) bisectioning
vl e Ca
Use OPT+0(OPT) space Log(A 5 6 ]

Graph GG (§2)

_ - 33 theory (84.4 -
' BT *%\ : Cas 4.81(s6) [4.4[GENIN 4 5 [EER)
systems . encoding 4 (§4.5) performance implementation ...use BRB

(§3.6) Use Integer Linear Programming (ILP) A7

—— . . This part is covered
Logarithmize other elements Use ILP in the extended technical

(§3 3 - §3 4} report version of the paper

Y ..on DM (8§3.2.3)
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OVERVIEW OF FuLL LOG(GRAPH) DESIGN

y £ l qligq_ z_] &1[9_‘3 l,:' — L W
Remove Ieadmib'ts (§3.1) L 1 lerstand storage lower bounds with 'P+T (§5 2)
]

[5|mple bit packing) .
|nt0rp0rate (84.3) = |nc0rp0rate (§5.3)
succinctness recursive

Log(OEHE @) bisectioning
v 4 e Ca
Use OPT+0(OPT) space Log(A 5 6 ]

2.} 3.3 theor 4.4
systems . encuding 3.4 (§4.5) performance im : ementation |1 ...use BRB
(§3.7) 2.8 | e | | A7
(§3.6) I e Integer Linear Programmin ; (ILP) : : -/

Qo n 1 . This part is covered
Logarithmize other elements } S Use ILP in the extended technical

(§3 3 - §3 4} :) report version of the paper
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Looks complex ©
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OVERVIEW OF FuLL LOG(GRAPH) DESIGN

Looks complex ©

We analyzed / implemented (in total):
6 schemes for compressing fine elements,
10+ schemes for compressing offset structures,
4+ schemes for compressing adjacency structures
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OVERVIEW OF FuLL LOG(GRAPH) DESIGN

'
*... they all can be arbitrarily

Looks complex ©

combined.

We analyzed / implemented (in total):
6 schemes for compressing fine elements,

10+ schemes for compressing offset structures,
4+ schemes for compressing adjacency structures




spcl.inf.ethz.ch oo o
v owien  ETH ZUrich

OVERVIEW OF FuLL LOG(GRAPH) DESIGN

How to ensure fast, manageable,
and extensible implementation
of all these schemes?

'
*... they all can be arbitrarily

Looks complex ©

combined.

We analyzed / implemented (in total):
6 schemes for compressing fine elements,

10+ schemes for compressing offset structures,
4+ schemes for compressing adjacency structures
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OVERVIEW OF FuLL LOG(GRAPH) DESIGN '

We use C++ templates to develop

7 a library that facilitates implementation,

How to ensure fast, manageable, benchmarking, analysis, and extending
and extensible implementation the discussed schemes

of all these schemes?

'
*... they all can be arbitrarily

Looks complex ©

combined.

We analyzed / implemented (in total):
6 schemes for compressing fine elements,

10+ schemes for compressing offset structures,
4+ schemes for compressing adjacency structures
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TYPES OF GRAPHS

Synthetic graphs
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PERFORMANCE ANALYSIS
TYPES OF GRAPHS

Synthetic graphs

Kronecker [1]

[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010.
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PERFORMANCE ANALYSIS
TYPES OF GRAPHS

Synthetic graphs

Kronecker [1]

n‘.;‘o
é
(et

[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010.
[2] P. Erdos and A. Renyi. On the evolution of random graphs. Pub. Math. Inst. Hun. A. Science. 1960.
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PERFORMANCE ANALYSIS

Real-world graphs (SNAP [3], KONECT [4], Webgraph [5], DIMACS [6
TYPES OF GRAPHS graphs ( [3] [4] graph [5] [6])

Synthetic graphs

Kronecker [1]

® 0©°
¢ B, o0 oe

Erdds-Rényi [2]

[3] SNAP. https://snap.stanford.edu

[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010.
[2] P. Erdos and A. Renyi. On the evolution of random graphs. Pub. Math. Inst. Hun. A. Science. 1960.
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PERFORMANCE ANALYSIS
TYPES OF GRAPHS

Synthetic graphs

Kronecker [1]

Erdds-Rényi [2]

Road networks

o J
. ' PROOEE L e T
A /’
W R -/
~ / @
‘va;.' '/‘ ’. ......
- - ﬁ
' N\
d ® = i M, u W .
A ’ o _1 W .
L) .. q \
K - 3 - . o®s ﬁ
N BEE =

Purchase networks  communication graphs  Citation graphs

[3] SNAP. https://snap.stanford.edu
[4] KONECT. https://konect.cc

[1] J. Leskovec et al. Kronecker Graphs: An Approach to Modeling Networks. J. Mach. Learn. Research. 2010. [5] DIMACS Challenge
[2] P. Erdos and A. Renyi. On the evolution of random graphs. Pub. Math. Inst. Hun. A. Science. 1960. [6] Webgraphs. https://law.di.unimi.it/datasets.php
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PERFORMANCE ANALYSIS
ALGORITHMS

Connected
Components
(Shiloach-Vishkin [1])

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.
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PERFORMANCE ANALYSIS
ALGORITHMS

Connected
Components
(Shiloach-Vishkin [1])

V.=

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.
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PERFORMANCE ANALYSIS

ALGORITHMS
Connected BFS (direction
Components optimization [2])

(Shiloach-Vishkin [1])

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.
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Connected BFS (direction

Components optimization [2])
(Shiloach-Vishkin [1])

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.
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Root

Connected BFS (direction

Components optimization [2])
(Shiloach-Vishkin [1])

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.
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PERFORMANCE ANALYSIS _ N
ALGORITHMS _—
Root

Connected BFS (direction

Components optimization [2])
(Shiloach-Vishkin [1])

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.
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PERFORMANCE ANALYSIS _ N .‘
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Root

Connected BFS (direction i
Components optimization [2])
(Shiloach-Vishkin [1])

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.
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PERFORMANCE ANALYSIS _ N .‘
ALGORITHMS _—
Root

Connected BFS (direction i
Components optimization [2])
(Shiloach-Vishkin [1])

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.
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PERFORMANCE ANALYSIS _ N .‘
ALGORITHMS __—
Root “
Connected BFS (direction ',' “\‘
Components optimization [2]) ‘\‘
(Shiloach-Vishkin [1]) J

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.
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ALGORITHMS

/
Root ~
Connected BFS (direction '.' e ‘\\
Components optimization [2]) ’ \
(Shiloach-Vishkin [1]) SSSP (Delta-Stepping [3]) J

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[3] U. Meyer, P. Sanders. Delta-Stepping: A Parallelizable Shortest Path Algorithm. 2003.
[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.



PERFORMANCE ANALYSIS -

ALGORITHMS

Root

Connected BFS (direction |

Components optimization [2])
(Shiloach-Vishkin [1])

SSSP (Delta-Stepping [3])

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.

spcl.inf.ethz.ch
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“. Triangle Counting
|
/

[3] U. Meyer, P. Sanders. Delta-Stepping: A Parallelizable Shortest Path Algorithm. 2003.



spcl.inf.ethz.ch oo o
v owien  ETH ZUrich

PERFORMANCE ANALYSIS _ N .‘
ALGORITHMS _—
Root “
Connected BFS (direction '.' “\
Components optimization [2]) Triangle Counting

(Shiloach-Vishkin [1]) SSSP (Delta-Stepping [3])

[1] Y. Shiloach, U. Vishkin. An O (log n)
parallel connectivity algorithm. 1980.

[2] S Beamer et al. Direction-Optimizing Breadth-First Search. 2013.

[3] U. Meyer, P. Sanders. Delta-Stepping: A Parallelizable Shortest Path Algorithm. 2003.
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PERFORMANCE ANALYSIS _. .‘ | J
ALGORITHMS O 1
Root ~
I' \“ ’
Connected BFS (direction ',' “\‘
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GAPBS: Graph Algorithm Platform Benchmark Suite [1].

Comparison to a traditional adjacency array implementation

[1] S. Beamer, K. Asanovic, and D. Patterson. The GAP benchmark suite. arXiv preprint arXiv:1508.03619, 2015.
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[1] S. Beamer, K. Asanovic, and D. Patterson. The GAP benchmark suite. arXiv preprint arXiv:1508.03619, 2015.
[2] P. Deutsch and J.-L. Gailly. ZLIB Compressed Data Format Specification, 1996.
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WebGraph Library [3]
Comparison to a state-of-the-art
graph compression scheme

[1] S. Beamer, K. Asanovic, and D. Patterson. The GAP benchmark suite. arXiv preprint arXiv:1508.03619, 2015.
[2] P. Deutsch and J.-L. Gailly. ZLIB Compressed Data Format Specification, 1996.
[3] P. Boldi and S. Vigna. The WebGraph Framework |: compression echniques. WWW, 2004.
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Zlib [2]. GAPBS: Graph Algorithm Platform Benchmark Suite [1].
Comparison to a traditional Comparison to a traditional adjacency array implementation
compression scheme

WebGraph Library [3] Recursive Partitioning [4].
Comparison to a state-of-the-art Comparison to a tuned scheme for
graph compression scheme compressing adjacency data

[1] S. Beamer, K. Asanovic, and D. Patterson. The GAP benchmark suite. arXiv preprint arXiv:1508.03619, 2015.
[2] P. Deutsch and J.-L. Gailly. ZLIB Compressed Data Format Specification, 1996.

[3] P. Boldi and S. Vigna. The WebGraph Framework |: compression echniques. WWW, 2004.
[4] D. K. Blandford, G. E. Blelloch, and I. A. Kash. Compact Representations of Separable Graphs. SODA, 2003.
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bvIL: compact bit vectors

bvEN, bvSD: succinct bit vectors
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o Key insight (vertex labels)

20-35% storage reductions
(compared to uncompressed
data) and negligible
decompression overheads

Takeaway (Results): Log(Graph) ensures
Space-Performance sweetspot (tunable!)

o Key insight (offsets) Up to >90% storage reductions (compared to uncompressed
data) and comparable performance to that of uncompressed
data accesses (in parallel environments)
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Takeaway (Results): Log(Graph) ensures
Space-Performance sweetspot (tunable!)

0 Key insight (offsets) Up to >90% storage reductions (compared to uncompressed
data) and comparable performance to that of uncompressed
data accesses (in parallel environments)
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N,, : neighbors (adj. array) of
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Vertex Edge Symbols
0 Log( ), Log( ° ) W :max edge weight,
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d, :degree of vertex v,
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[log n] __vertex v,
Ny, : maximum among N,
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Lower bounds (global) N,, : neighbors (adj. array) of

[log n] [log W} vertex v,

: maximum among N,
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Vertex Edge Sl
0 Log ( abels ), Log ( weights) W :max edge weight,
n : fvertices,
m : #edges,
1 b ds (global) d, :degree of vertex v,
SIS LU R Lo This is it? N,, : neighbors (adj. array) of
|logn] [log WW Not really © T vertex v,
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: maximum among N,
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|logn| [log WW Not really © __ verexw,
Ny, : maximum among N,

Lower bounds (local)



spcl.inf.ethz.ch oo o
v oo ETHZz(rich

0 Vertex Edge sl
Log ( labels /7 Log ( weights) W :max gdge weight,
n : #vertices,
m : #edges,
1 b ds (global) d, :degree of vertex v,
SIS LU R Lo This is it? N,, : neighbors (adj. array) of
|logn| [log WW Not really © __ verexw,
Ny, : maximum among N,

Lower bounds (local)

Assume:
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c Vertex Edge sl
Log ( labels /7 Log ( weights) W :max gdge weight,
n : #vertices,
m : #edges,
1 b ds (global) d, :degree of vertex v,
SIS LU R Lo This is it? N,, : neighbors (adj. array) of
|logn| [log WW Not really © vertex v,

)

: maximum among IV,

Lower bounds (local)

Assume:
-agraph,e.g., V =1{1,...,2%%}
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Vertex Edge Do
0 Log labels /7 Log ( weights) W :max edge weight,
n : fvertices,
m : #edges,

1 b ds (lobal d, :degree of vertex v,
ower bounds (global) This is it? N,, : neighbors (adj. array) of
|logn| [log WW Not really © - vertex v,

(%

: maximum among IV,

Lower bounds (local)

Assume:
-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
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Vertex Edge sl

0 Log ( labels /7 Log ( weights) W :max edge weight,

n : fvertices,

m : #edges,

d, :degree of vertex v,
Lower bounds (global) This is it? N,, : neighbors (adj. array) of
|logn| [log WW Not really © - vertex v,

1%

: maximum among IV,

Lower bounds (local)

Assume:
-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
- ...all these neighbors have small labels: N; Kn
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0 Vertex Edge Do
Log ( abels 17 Log ( weights) W :max gdge weight,
n : #vertices,
m : #edges,
1 b ds (global) d, :degree of vertex v,
SIS LU R Lo This is it? N,, : neighbors (adj. array) of
|logn| [log WW Not really © vertex v,

Ny, : maximum among N,

Lower bounds (local)

Assume:

-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
- ...all these neighbors have small labels: N,, << n

v pmg2(34]s
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Vertex Edge Do
o Log ( Log ( £ ) W :max edge weight,

labels 77 weights .
n : #vertices,

m : #edges,
d, :degree of vertex v,

Lower bounds (global) This is it? S N,, : neighbors (adj. array) of
|logn| [log WW Not really © __vertex v,
Ny, : maximum among N,

Lower bounds (local)
[log 2%2| = 22

Assume:
-agraph,e.g., V =1{1,...,2%%}
- A vertex v with few neighbors: d,, <K n
- ...all these neighbors have small labels: N; Kn

v pmg2(34]s



spcl.inf.ethz.ch oo o
v ovien  ETHzUrich

o Vertex Edge Do
Log ( abels 17 Log ( weights) W :max gdge weight,
n : #vertices,
m : #edges,
1 b ds (global) d, :degree of vertex v,
SIS LU R Lo This is it? N,, : neighbors (adj. array) of
|logn| [log WW Not really © - vertex v,
v

: maximum among IV,

Lower bounds (local)

Assume: [logZZZW = 22

agraph, e, V = {1,..,2) I I

- A vertex v with few neighbors: d,, K n
- ...all these neighbors have small labels: N; <Kn 0...100 | 0...101

v pmg2(34]s
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o Vertex Edge Do
Log ( abels 17 Log ( weights) W :max gdge weight,
n : #vertices,
m : #edges,
1 b ds (global) d, :degree of vertex v,
SIS LU R Lo This is it? N,, : neighbors (adj. array) of
|logn| [log WW Not really © - vertex v,
v

: maximum among IV,

Lower bounds (local)

Assume: [logZZZW = 22

agraph, e, V = {1,..,2) I I

- A vertex v with few neighbors: d,, K n
- ...all these neighbors have small labels: N; <Kn 100 0...101

19 zeros!
vpmd2(3]4]5
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Vertex Edge _ :
o Log ( labels /7 Log ( Weights) W :max gdge weight,
n : #vertices,
m : #edges,
d, :degree of vertex v,
Lower bounds (global) Thisisit? ° N,, : neighbors (adj. array) of
vertex v,

|log n] [log W} Not really ©

Ny, : maximum among N,

Lower bounds (local)

Assume: [logZZZW = 22

agraph, e, V = {1,..,2) I I

- A vertex v with few neighbors: d,, <K n

- ...all these neighbors have small labels: N; <Kn 100 0...101
19 zeros!

n_> Thus, use the local bound [108 Nﬂ
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H :number of compute nodes,

H; :number of machine
elements at level j,
N : number of machine levels
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n : #vertices, Symbols

0 Log (Yae;:: )l Log ( WEe?ggsts) m : #edges,

H :number of compute nodes,
, H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

»
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n :#vertices, Symbols

Vertex Edge
0 LOg ( labels 77 Log ( weights) m : #edges,

H :number of compute nodes,

H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

Lower bounds (local):
distributed memories
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n :#vertices, Symbols

Vertex Edge
0 LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,

H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

Lower bounds (local): , A Cray XE/XT
distributed memories LI supercomputer
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n : #vertices, Symbols

Vertex Edge
0 LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,
H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

A Cray XE/XT
supercomputer

|
4 cabinets: @ I

Lower bounds (local):
distributed memories
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n :#vertices, Symbols

Vertex Edge
0 LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,
H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

Lower bounds (local): ’ A Cray XE/XT
distributed memories supercomputer
| - [
|

4 cabinets:

3 chassis:
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0 Log Vertex Log( Edge ) n : #vertices, Symbols
labels 77 weights m :#edges,

H :number of compute nodes,

H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

Lower bounds (local): ’ A Cray XE/XT
distributed memories supercomputer

| |

4 cabinets: g
1 1

3 chassis: ' '

"* —

8 blades: @ @ @
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c Vertex Edge n :#vertices, Symbols
LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,
H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

A Cray XE/XT
supercomputer

Lower bounds (local):
distributed memories

4 cabines E !
3 chassis: * *
8 blades: g @
4 nodes: E'
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n : #vertices, Symbols

Vertex Edge
0 LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,
H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

Lower bounds (local): A Cray XE/XT
distributed memories SRR
| |
4 cabinets: g
1 1
3 chassis: ' '
8 blades: g @
| |
4 nodes: \;a/ ta/
| |
32 cores: &
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n :#vertices, Symbols

Vertex Edge
0 LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,

H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

Lower bounds (local): ’ A Cray XE/XT
distributed memories supercomputer

4 nodes: E E \&
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n : #vertices, Symbols

Vertex Edge
0 LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,
H; :number of machine

This is it? Still notreally © ° slemens el level i
N : number of machine levels
Lower bounds (local): ’ A Cray XE/XT
distributed memories supercomputer

4 nodes: E E \&

H=4
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n :#vertices, Symbols

Vertex Edge
0 LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,

H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

Lower bounds (local): ’ A Cray XE/XT
distributed memories supercomputer

The number of vertices
that can be stored in
the memory of one node:

4 nodes:
H=14

0
[
0]
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n :#vertices, Symbols

Vertex Edge
0 LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,

H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

Lower bounds (local): ’ A Cray XE/XT
distributed memories supercomputer

The number of vertices
that can be stored in 2
the memory of one node: H

4 nodes:
H=14

0
[
0]
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n :#vertices, Symbols

Vertex Edge
0 LOg ( labels 77 LOg ( weights) m : #edges,

H :number of compute nodes,

H; :number of machine

This is it? Still not really © ° slemens el level i
N : number of machine levels

Lower bounds (local): ’ A Cray XE/XT
distributed memories supercomputer

The number of vertices
that can be stored in 2
the memory of one node: H

The ,intra-node” vertex n
label thus takes [bits]: [log ﬁ‘

4 nodes: 2] - ||B \&

H=4
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0 L Vertex L Edge n :#vertices, Symbols
Og ( labels 77 Og ( weights) m : #edges,
H :number of compute nodes,

H; :number of machine
elements at level j,
N : number of machine levels

A Cray XE/XT
supercomputer

This is it? Still not really © °

Lower bounds (local):
distributed memories

The number of vertices
that can be stored in 2
the memory of one node: H

The ,intra-node” vertex n
label thus takes [bits]: [log ﬁ‘

The ,inter-node” vertex 4 nodes: \P, "o \_E \P/

label is unique for a whole H=4
node and it takes [bits]: [log H|
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o L Vertex L Edge n :#vertices, Symbols
Og ( labels 77 Og ( weights) m : #edges,
H :number of compute nodes,

H; :number of machine
elements at level j,

This is it? Still notreally © ° _
N : number of machine levels

Lower bounds (local): , A Cray XE/XT The total size of the adjacency
distributed memories supercomputer arrays is thus [bits]:
n
The number of vertices n [logﬁl + H[log H]

that can be storedin T
the memory of one node: H

The ,intra-node” vertex n
label thus takes [bits]: [log ﬁ‘

The ,inter-node” vertex 4 nodes: tﬁ/ "o \.ﬁa, \P/

label is unique for a whole H=4
node and it takes [bits]: [log H|
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o Vertex Edge n :#vertices, Symbols
LOg ( labels 77 Log ( weights) m : #edges,

H :number of compute nodes,
H; :number of machine

elements at level j,
N : number of machine levels

This is it? Still not really © °

Lower bounds (local): g A Cray XE/XT The total size of the adjacency
distributed memories supercomputer arrays is thus [bits]:
n
The number of vertices n [logﬁl + H[log H]

that can be storedin T
the memory of one node: H
We also generalize this to
The ,intra-node” vertex arbitrarily many levels

n
label thus takes [bits]: [108 ﬁl (details in the paper © ) and
[ | derive the total size:

The ,inter-node” vertex 4 nodes: tﬁ/ "o \.?, \.ﬁn/

label is unique for a whole H=4
node and it takes [bits]: [log H|
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o L Vertex L Edge n :#vertices, Symbols
Og ( labels 77 Og ( weights) m : #edges,
H :number of compute nodes,

H; :number of machine
elements at level j,

This is it? Still not really © ° _
N : number of machine levels

Lower bounds (local): g A Cray XE/XT The total size of the adjacency
distributed memories supercomputer arrays is thus [bits]:
n
The number of vertices n [logﬁl + H[log H]

that can be stored in n

the memory of one node: ﬁ
We also generalize this to

arbitrarily many levels

The ,intra-node” vertex n
label thus takes [bits]: [108 ﬁl (details in the paper © ) and
[ | derive the total size:
The ,inter-node” vertex 4 nodes: \P, e \.?, t!/ N-1
label is unique for a whole H=4 n [logi} + z H; [log H]]

node and it takes [bits]: [log H]
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0 Log ( labels )’ Log ( weights)
Formal analyses: more
(check the paper ©)




spcl.inf.ethz.ch oo o
v owien  ETH ZUrich

Vertex Edge
0 Log labels Og ( weights ) E[|O]] =n {log (anzﬂ =n |log2p +2logn|

Formal analyses: more
(check the paper ©)

o | = U;/ (dz, [logﬁpw + {loglogﬁpb =Y (dv [logﬁvw {loglogN )

vv,uEV (” < Nv) = [N( ) /ﬁ ]
veV —‘
Al =n [log %—‘ + H [log H |

|A| =2m (flogn] + [logWD

Al = ¥ (do ([tog Ny | + [1ogW]) + [loglog N, | + [loglogW| )

veV

EllAl~ 5 ((“Zbgln)ﬁ_l) (Togr] + [1og 7] ) Efl|Al] = ([logn] + {log/)/\\/]) pn?
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Vertex Ed
0 Log ( IaebeTs )l Log ( weiggsts ) E[|O|] =n {log (anzﬂ = n |[log2p +2logn |

Formal analyses: more
(check the paper ©)

vv,uEV (” - Nv) = [N(u) /ﬁ ]

OO0 S] O U e LR

/

Vv

}

* Input: graph G, Output: a new relabeling N(v),VoeV. %/
oid relabel (G) {
ID[0.n—1] = [0.n—1]; //An array with vertex IDs.
D[0.n —1] = [dg.d,_1]; //An array with degrees of vertices.
//An auxiliary array for determining if a vertex was relabeled:
visit[0.n — 1| = [false..false|;
nl = 1; //An auxiliary variable “‘new label''
sort(ID); sort(D);
for(int i = 1; i < n; ++i) //For each vertex...
for(int j = @; j < D[i]; ++j) { //For each neighbor...
int id = Njippj; //Njip[j is jth neighbor of vertex with ID ID[i]
if (visit[id] == false) {
N(id) = nl++;
visit[id| = true;
33}
for(int 7 = 1; 1 < n; ++i)
if (visit|i] == false)
N(id) = nl++

= Y (do |log Ny | + [loglog N, |)

veV

|A| =2m (flogn] + [logWD

;/ﬁvw + {logwn + {log logﬁvw + {loglogwn

E(|A|] = ([logn] + {log)//\/\]) pn’
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a Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors
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6 Log ( Offset structure ) ...Encode the resulting bit vectors as
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0 Log ( Offset structure ) ...Encode the resulting bit vectors as

succinct bit vectors '
[ ]

Formal analyses

J

O ID Asymptotic size [bits] Exact size [bits] select or O|v]
Pointer array ptriWW O(Wn) W(n+1) O(1)

Plain [44] bvPL O (Ygn) 2Wim o(1)
Interleaved [44] bviL O Mgm + Vsz) 2Wm (% + %) O (log %ﬂ)
Entropy based [31, 78] | bvEN O (WB’E log —WB’—"-) ~ log (2_1%@) O (log —Vme—>

n

Sparse [76] bvSD O (n +nlog %) =N (2 + log %Vn—m) O(1)

B-tree based [1] bvBT O %m) ~1.1- Z—Vgﬂ O(logn)
Gap-compressed [1] | bvGC O me log —Vg%) ~ 13- Z_Vgﬁ log ;‘é\% O(logn)
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0 Log ( Offset structure ) ...Encode the resulting bit vectors as

succinct bit vectors '
[ ]

Check the paper for details ©

Formal analyses

J

O ID Asymptotic size [bits] Exact size [bits] select or O|v]
Pointer array ptriWW O(Wn) W(n+1) O(1)

Plain [44] bvPL O (Ygn) 2Wim o(1)
Interleaved [44] bviL O Mgm + MEn) 2Wm (% + %) O (log %ﬂ)
Entropy based [31, 78] | bvEN O (WB’ﬁ log —"%’11-) ~ log (2_1/23@) O <log Wé—"—)

n

Sparse [76] bvSD O (n +nlog %’%) =N (2 + log 2‘]/3\;1"1 ) O(1)

B-tree based [1] bvBT O %m) ~1.1- 2—"% O(logn)
Gap-compressed [1] | bvGC O WBm log —Vg%) ~ 13- Z_Vgﬁ log ;‘é\% O(logn)
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a Log ( Offset structure ) ...Encode the resulting bit vectors as
succinct bit vectors

Check the paper for details ©

Formal analyses

J

O ID Asymptotic size [bits] Exact size [bits] select or O|v]
Pointer array ptriWW O(Wn) W(n+1) O(1)

Plain [44] bvPL O (Ygn) 2Wim o(1)
Interleaved [44] bviL O (g 4 W) 2Wm (§ + §) O (log 11 )

2Wm
Wm Wm P “B Wm

Entropy based [31, 78] | bvEN O (—B— log T) ~ log ( o ) O (log —B—)
Sparse [76] bvSD O (n+nlog ‘%%m) ~n (2 +log %Vnﬂ) O(1)

B-tree based [1] bvBT O "—VBm) ~ 1.1- 2—"\3@ O(logn)
Gap-compressed [1] | bvGC O me log _Vng) 218 : %ﬂ log %\;—m O(logn)

[1] S. Gog. SDSL-Lite
Succinct Library. 2015.
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o
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Design:
e 32+8
A |ogn+logW

[ ]
A

®
A

®
A

1el11 1el09
p (edge probability)

)

Storage

Random-uniform model

o=1

0.001

Size [TiB]

A

Design:
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A |ogn+logW
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1.00 -

Size [TiB]
o
o

0.01 1

n=4.298B o =1
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Design: Design:
e /3248 ) A ® 32+8
A ‘logn+logW + = A'logn+logW
| o© A '
\ & 0.001- A \\
2 A #bits per
: ~ #bits per Ll 4 . vertex label
: | vertex label !
1le-11 1e-09 2.0 2.5
p (edge probability) B

ETH:zurich



spcl.inf.ethz.ch oo o
v owien  ETH ZUrich

O Loz (1), Log(,58,) storee

#bits per
edge weight
Power-law model Random-uniform model
n=4.29B / o =1 #bits per
1.00 A ® © © o o o o edge weight
. |
Design: / Design: —
o) ® 32 o) A e 32
E. 010- - Iolg logW + = A |ogn+logW
) o)) i A '
N s 0.001 N \\
b1 A #bits per
i ® .
~ #bits per vertex label
] A
0.011a , | vertex label . ‘.‘ A 4
1le-11 1e-09 2.0 2.5

p (edge probability) B
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Vertex Edge .
0 Log ( labels ), Log ( e ts) Storage Log(Graph) consistently

reduces storage overhead
(by 20-35%)

#bits per
edge weight
Power-law model Random-uniform model
n=4.298 / o=1 #bits per
1.00 A ® © © o o o o edge Weight
. |
Design: / Design: —
) ® 32 o) A e 32
E. 010- - Iolg logW + = A |ogn+logW
o o 1 A '
N s 0.001 N \\
b1 A #bits per
i ® .
N~ #bits per vertex label
] A
0.011a , | vertex label . ‘.‘ Al 4
1le-11 1e-09 2.0 2.5

p (edge probability) B
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G Vertex Edge >55P
Performance
Log ( labels )’ Log ( weigh ts)
2.5 -
Kronecker graphs
2.01 1 Scheme: Number of vertices: 4M
. GAPBS
9, 15 Log(Graph)
£
F: 10'
ol ol |
ol I
Q i\ i\ Q i\
il {?.-% ' rzf:)% ' 6\‘2,- ,,\Q,r?-b‘ '

Number of edges per vertex
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0 Vertex Edge >55P
Performance
Log ( labels )’ Log ( weigh ts)

2.5 1

LOg(Graph) Kronecker graphs

2.01 | Scheme: accelerates GAPBS Number of vertices: 4M
_ GAPBS
9, 15 Log(Graph)
£
F: 10 ]

mle

ol I

Q Q Q 0 Q0
il ,\Q__% ' rsz% ' ::_)\Q" ,\{ﬁ-b‘ '

Number of edges per vertex
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Vertex Edge >55P
0 Log ( ), Log ( )  Performance

labels weights

2.5
LOg(Graph) Kronecker graphs
2.04 | Scheme: accelerates GAPBS Number of vertices: 4M
. EGAPBS
9, 15 Log(Graph)
g
F: 10'
0.5 - Both storage and
l: [ performance
0.0- ' are improved
\ \ \ \ \ .
N AL simultaneously

Number of edges per vertex
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Vertex Edoe Betweenness Centrality
G Log ( ), Log ( =€ ) Performance

labels weights “LG”: Log(Graph)

Trad: Traditional
(non compressed,
GAPBS)

“g”: global scheme
“I": local scheme
“gap”: additional
gap encoding

Kronecker graphs
Number of vertices: 4M
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RS Edge Performance
G Log ( labels )’ Log ( weigh ts)
Sparse graphs Dense graphs
0.6 1
Scheme: 5 ScLhGeme:
LG—-g g
Bstes) Ji (B
— 049 [CILG-I-gap D 4 |—LEG-1-0ap
) Trad — Trad }
o )
£ il E
= 0.2- I 2 _ '{
M_.ml]] nl O_I}]'ﬂ | B WL
6 32 128 256 512 1024

Number of edges per vertex: Number of edges per vertex:

Betweenness Centrality

“LG”: Log(Graph)
Trad: Traditional
(non compressed,
GAPBS)

“g”: global scheme
“I": local scheme
“gap”: additional
gap encoding

Kronecker graphs
Number of vertices: 4M
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vertex Edge Performance
0 Log ( |abe|S )’ Log ( We|g tS)
Sparse graphs Dense graphs
0.6 1
Scheme: 5 ScLhGeme:
LG—g | -9
It%‘?‘gap ItS:P'gap
— 047 C]LG-I-gap % 4 || ILG-I-gap
2L Trad — Trad i
(o)) (o))
£ I E
= 0.2 I 5 . IH
o_o-lﬂlhlﬂ b o-lm 1 L
16 32 128 256 512 1024

Number of edges per vertex: Number of edges per vertex:

ETH:zurich

Betweenness Centrality

L 4 @spcl_eth

“LG”: Log(Graph)
Trad: Traditional
(non compressed,
GAPBS)

“g”: global scheme
“I": local scheme
“gap”: additional
gap encoding

Log(Graph) incurs
negligible
overheads

Kronecker graphs
Number of vertices: 4M
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G Vertex Edge BFS
Performance
Log ( labels )’ Log ( weigh ts) “LG”: Log(Graph)

Trad: Traditional
(non compressed,
GAPBS)
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Various real-world and synthetic graphs

The amount of communicated data is

consistently reduced by ~37%

1024 compute nodes
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DMd: much better than DM,
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(details in the paper)
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