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Dallas, |hpc
TX|accelerates.

1ear Algebra
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Image generated from a GTS simulation by Kwan-Liu Ma and his group at the University of
California, Davis.

. : . Credit: K. Cantner, AGI.
Enabling Simulation at the Fifth Rung of DFT: Large Scale RPA Calculations with
Excellent Time to Solution, Mauro Del Ben et al.

Convolutional Encoder-Decoder

Output

Pooling Indices

RGB Image I conv + Batch Normalisation + RelU Segmentation
I Pooling [ Upsampling Softmax

SegNet: A Deep Convolutional Encoder-Decoder Architecture for Image Segmentation, Badrinarayanan et al.

Atom Temperature [K]

300 350 400



Credit: Princeton Plasma Physics Laboratory

Credit: Jason Allen
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Extreme Scale Plasma Turbulence Simulations on Top
Supercomputers Worldwide, Tang et al.

NEGF SSE X[G(E + hw,k, — q,) D(w,q,)](E, k,)
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FFT {R}-{G}:
P'(R)-p*(G)

Poisson Solver {G}:

P (G)-Vv(G)

FFT*{G}-{R}:
V(G)-V'(R)

Integrate V°(R):
V(R) - (uv[P)

Enabling Simulation at the Fifth Rung of DFT: Large Scale RPA Calculations with Excellent Time
to Solution, Del Ben et al.

Electrons G(E, k,)

(E-S—H-3R).GR =1
G<=GR‘Z<'GA

Phonons D(w, q,)

(w2 —d—-TMR)-DR =1
D< =DR.M<.DpA

GF

A Data-Centric Approach to Extreme-Scale Ab initio Dissipative Quantum Transport

Simulations, Ziogas et al.

- = = e 255+
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ij,jk — ik
Einstein summation notation (einsum)

for i in range(N):
for j in range(N):
for k in range(N):
Cli,k]+=A[1,7]*B[],K]




ij,jk — ik
Einstein summation notation (einsum)
Matrix-matrix multiplication ij,jk— ik
if, jk, kl - il
ij, jk, kl, Im - im

Tensor and matrix chains ijk. ja, ka - ia

g ijk, ia, ka - ja
wn
c e
T ijk, ia, ja - ka
ijkim, ja, ka, la, ma - ia
Long, higher order
contraction chains ijklm, ia, ja,la, ma - ka

ijklm, ia, ja, ka, la-»ma

ijklm, jb, kc, Id, me = ibcde



Einsum

ij,jk - ik
Einstein summation notation (einsum)
ij, jk - ik
ij, jk, kI = il
if, jk, kI, Im—=im
ijk,ja, ka—ia
ijk, ia, ka - ja |
ijk, ia, ja— ka

ifkim, ja, ka, la, ma = ia

ijklm, ia, ja,la, ma —» ka
ijkim, ia, ja, ka, la—-» ma

ijklm, jb, kc, Id, me = ibcde

[
Qo

6 10 14
Speedup of Deinsum over CTF on 512 Piz Daint nodes (6144 cores)

N
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. . . . .« g Simple Overlap Access Pattern (SOAP)
@I%emsum. Practically I/%)Optlmal Multi-Linear Algebra data movement model
Input Split to binary operations Commumcatlon optimal schedules

ijk,ja, ka,al > il ja,ka - jka @ @
ijk, jka — ia

@ optimal

einsum, strin _ ja . tiling,
S ia. al = il uses operation ijk /al parallel
! associativity to ; % distribution,
block-distributions LIS iy jka ia il and kernel
@ @ @ fusion
Iteration spaces and distribution Automated code generation Results

Iteration space partition:

- up to 19x speedup over SotA
MPI Cart sub

- CPU and GPU support
Distribute initial

1IMM
data: 1.0

Deinsum GPU (tot) 2.0
MPI Broadcast mem CTF GPU (tot)

2MM
auto generating _ mmm Deinsum (GPU Res.) 1.5
=0.6
DaCe-Python g . | |
= 0.
code compiled . ‘ I ‘ | . ‘ | I | ‘ |
HOSIETE: 0.0 MENMR | 0.0 ol I | I I

library

=
o

o
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Input @

ijk,ja, ka,al — il

/;or i in range(NI): ﬂ\\
for j in range(N3J):
for k in range(NK): Matrix-Matrix Product
for 1 in range(NL): |
for a in range(NA): | |
K out[i,1]+=X[1,],k]*A[J,a]l*B[k,a]*C[a,1] j
\ J
naive implementation '
4N;N;N; NN, ops Matricized Tensor Times Khatri-Rao Product
(MTTKRP)

used in CANDECOMP/PARAFAC (CP) decomposition
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Split to Binary Operations 2)

ijk,ja, ka,al — il

using Python module
jCl, ka - ]ka opt_einsum
ijk, jka — ia
ia,al - il
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Split to Binary Operations 2)
a, ka - jka

for j in range(NJ): Khatri-Rhao Product (KRP)
for k in range(NK):
for a in range(NA):
to[j,k,al]+=A[j,a]*B[k,a]

2NNy N, ops

U J

ijik,jka - ia

A
[tl = np.tensordot(X, t@, axes=([1,2], [0,1])) ]

for i in range(NI):
for j in range(NJ):
for k in range(NK):
for a in range(NA):
ti[i,a]+=X[1,7,k]*te[],k,a]

2N;N;N;N, ops

. J
Tensor DOT Product (TDOT)
ia,al — il
for i in range(NI): [Out - t1 @ C ] A Matrix-Matrix Product (GEMM)
for 1 in range(NL):
for a in range(NA):
\ out[i,l]+=t1[i,a]*C[a,l] y ZNl.NlNaops
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Minimizing number of operations @
(For‘ j in range(NJ): A ﬁor‘ i in range(NI): \
for k in range(NK): for j in range(N3J):
for a in range(NA?: for k in range(NK):
< te[j,k,a]+=A[],a]*B[k,a] y for 1 in range(NL):
for a in range(NA):
[tl = np.tensordot(X, te, axes=([1,2], [9,1])) ] out[i,l1]+=(
X[1i,3,k]*A[],al*
lout = t1 0 c | \_ Bk, a]*Cla,1])
ZIVtAGJkaVa

4—21Vjﬁkava

+2N;N N, ops

asymptotically

2N;N;NyN, ops < 4N;N;N NN, ops
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

ijk,ja, ka,al > il  ja,ka - jka ijk,jka—>ia ia,al - il
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

ijk,ja, ka,al > il  ja,ka - jka ijk,jka —>ia ia,al - il

Inputs are too big to
fitin local memory!

.
SN
e : Canstoreupto S
/ I q I\/S/3 elements at once!
J/T\f;a 573/ ka
S/3
Data movement
optimal classical

matrix-matrix
multiplication (SC’19)
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

ijk,ja, ka,al > il  ja,ka - jka ijk,jka —>ia ia,al - il

!

VS/3

Inputs are too big to
fitin local memory!

Can storeupto S

I\/S/3 elements at once!
ka

|

c,)
]

Really?
We can do better!
We don’t reduce (contract) mode a.
No need to keep intermediate results!
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

ijk,ja, ka,al > il  ja,ka - jka ijk,jka —>ia ia,al - il

:9/'

1

\{a / ka

One load operation: S arithmetic operations

(“cubic” partitioning: VS /2 arithm. ops per load)
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

ijk,ja, ka,al > il  ja,ka - jka ijk,jka —>ia ia,al - il

NGE

[ [ [ [/

/ ka
Two contractions:

%‘ % overjand k
1=%"/5/3

-

7 |

\AVAVAN
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

ijk,ja, ka,al > il  ja,ka - jka ijk,jka - ia ia,al —> il

?{/EZ
2

= 35

\/;G

\NAVAVAY
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

ijk,ja, ka,al > il  ja,ka - jka ijk,jka - ia ia,al —> il

. S MTTKRP

' 2 :|§@2 New I/O lower
=33 | 2 bound:
\j;a /':{/?ka

Vs Q = 52/3

| SN NN,

\AVAWAN
\AVAVAN
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

ijk,ja, ka,al > il  ja,ka - jka ijk,jka - ia ia,al —> il

s B = | MITTKRe
' 2 o /:: New I/O lower
s Asymptotic iImprovement ///I"%E bound-
\f;a over “GEMM-ing” tensor L~ '
contractions.
'// ika v - Q _ 3N1N2N3N4_
//
=35
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Minimizing communication @

Minimizing _ Maximizing Data reuse within Data reuse across

+

communication - data reuse a kernel: tiling kernels: kernel fusion

Simple Overlap Access Program (SOAP) data movement model

Iteration vector (3 iteration variables) ¢ = [Qﬁl, w2, w?’] Iteration domain D = D' x D? x D3  “Stretch” in “free” dimensions. “Stretch” in remaining

Access function vector (2 components) (1)) = [y (1)), P2 (V)] # of points in max(0(4}, H)) = [L;eq, D'l dimensions. §; ' is constant.
’ dependent on ¢; (7))
Iteration variables’ ranges ple DL y? e D? % e D® o). H) .

#([H]) = ¢ ([H]) U ¢a([H])

) “Almost Ll e Ly {in = e B
7 rectangular” _§ , = remaining ;"L ‘
rec

7 New 1/O lower
bound:

H ={C, E} MTTKRP definition it = 3, 4 tigkOsit
opt_einsum 1. Zjk = vjiWk
Executing statements decomposition 2. ui = Zj,k tijkT jki 3 N N N N
St, and St, “together” SDG vV - I/O lower bound 1 2 3 4
max/[-J-K-L s.t. >
V=IL WEKL [ K4y L+K-L<X Q_ VE
Array Cis not an t\ X oo S /
input anymore! T = L{ Xl’: JKL =82
Q L — 3N1N2N3N4
u P 5273
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

ijk,ja, ka,al > il  ja,ka - jka ijk,jka > ia ia,al - il

[ [ [ [/

\AVAVAN

\NAVAVAY

g

al

YE

Contraction over a

N
N
N
\j;a / ka -
ijk i

\AVAVAN

\NAVAVAY
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Minimizing communication @
Minimizing _ Maximizing _ Data reuse within + Data reuse across
communication - data reuse - a kernel: tiling kernels: kernel fusion

COMMUNICATION OPTIMAL:

Parallel data

Tiling Kernel fusion »
decomposition

For a given input einsum



v evien ETHzUrich
Simple Overlap Access Pattern (SOAP)
data movement model

Deinsum: Practically I/O Optimal Multi-Linear Algebra

@ 2) 3)

Input Split to binary operations Communication-optimal schedules

ijk,ja, ka,al > il ja,ka - jka

.. . . Optimal
einsum, string l]k']ka i /0\ ,/ka ijk tiling,
’ iCl, al — il uses operation parallel

associativity to __@ distribution,
minimize #ops jka . and kernel

fusion



spcl.inf.ethz.ch oo o
; @spzl_eth E'HZUFICh

Deinsum: Practically I/O Optimal Multi-Linear Algebra

block-distributions

@Iteration spaces and distribution @ Automated code generation @ Results
lteration space partition: f‘;r jki‘_‘ range “I;{(ﬁ%g;) - up to 19x speedup over SotA
or in range g
MPI_Cart sub for a in range (NA//POA) : - CPU and GPU support
Distribute initial t0[3, k, al += A[J, al * B[k, a]
1MM
data:

tl = np.tensordot(x, *0, o Deinsum GPU (tot)

( []_ 1 B CTF GPU (tot)
axes= ’ . "~ mmm Deinsum (GPU Res.)
mpi.Allreduce(tl, c futd generating

2MM
2.0
_ 1.5
DaCe-Python 50'4 Lo 1
|_
t2 = deinsum.Redist code compiled | ‘l 05 ‘ il
comml=gric I 2 A III
to shared o _|_ ailill . alilllk I

library

MPI Broadcast
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Grouping Operations @‘@
(%or j in range(NJ): A
for k in range(NK):
for a in range(NA):
. CATS ATk
< te[J,k,al+=A[J,a]*B[k,a]

[ t1 = np.tensordot(x, te, axes=([1,21, [0,1])) |

lout = t1 0 c |
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Iteration Spaces: Global View 4)
Cartesian process grid Pglo)
< >
p — p®p® p©® p©® p©
i j k a < i >
.. N\ p(O) (7 7 7 [ 7 7 7 4
for j in range(N3J): Y s s [ .
for k in range(NK): // // (O
for a in range(NA): b . N
t@[j,k,a]+=A[j,a]*B[k,a] 1 / (0) ( Y/
g J A1 D Y/
AV A1)y
[t1 = np.tensordot(x, te, axes=([1,21, [6,1])) | 4 /P
—_—
(0)
i © g
Pa
(0)
N;/P}
(0)
N]-/Pj o
" Ni/Pj,
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Iteration Spaces: Global View 4)
Cartesian process grid PE,O)
< >
p=pPOPOPYpPY P
for j in range(p@j*NJ//POJ, (p0j+1)*NJ//P0OJ): pk// AL L7 e A
for k in range(pOk*NK//POK, (pOk+1)*NJ//POJ): vd // ©
for a in range(p@a*NA//POA, (p@a+1)*NA//POA): /// see e P;
\_ to[j,k,a]+=A[],a]*B[k,a] y f 11 ..(0) f /
A1l p; /
Y/ Y J // /V
/ \ // // P(O)
t1[p@i*NI//POI, (p@i+1)*NI//POI, k
p@a*NA//POA, (p@a+1)*NA//POA] = np.tensordot( (0) | .
X[p@i*NI//POI, (p@i+1)*NI//POI, t p©
p@j*NI//POJ, (pOj+1)*NI//P0O3, “
pOK*NK//POK, (pok+1)*N1//PoI], N;/P®
to[p@j*NI//P0J, (p@j+1)*N1//PO], S—
pOk*NK//POK, (pOk+1)*N1//PO3,
pBa*NA//POA, (pPa+1)*NA//POAT,

\ Pes([L.2] [0,1]) Y N;/P;”
7 Ni/ P}

process-local slices — global coordinates
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Iteration Spaces: Local View (4)

P=P"P"PYPY

(%or j in range(NJ//P0OJ): h
for k in range(NK//POK):
for a in range(NA//POA):
\ to[j,k,a]+=A[],a]*B[k,a] y

[t1 = np.tensordot(x, te, axes=([1,21, [6,1])) |
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Iteration Spaces: Local View 4)

process-local slices — local coordinates
P=P"P"PYPY

(%or j in range(NJ//P@3J): ) /7/ { 1, J, k, a}t ﬂ\
for k in range(NK//POK): int dims[4] = {PO0I, POJ, POK, POA};
for a in range(NA//POA): int periods[4] = { o6, ©, 0, 0},
to[j,k,a]+=A[]j,a]*B[k,a] MPI_Comm gride;

\. J MPI Cart create(MPI_COMM_WORLD, 4, dims,
[t1 = np.tensordot(x, te, axes=([1,21, [0,11)) |\ periods, false, &gride); )
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Iteration Spaces: Local View 4)

P=P"P"PYPY

_ p(Wp) p1) (// { i, 1, a} N
P =P P/ P, int dims[3] =  {P1I, P1L, P1A};
[out =1t1@C ] int periods[3] = { 0, 0, 0};

MPI Comm gridl;
MPI Cart create(MPI_COMM_WORLD, 3, dims,
\‘, periods, false, &gridl);A/
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Iteration Spaces: Practically I/O Optimal Distribution @)

_ p(0) p(0) p(0) p(0)
P=P; P]- PP, @d_ijka = { \
\ ° ° a]

(for‘ j in range(NJ//P0OJ): f H, i, II, 1]
for k in range(NK//POK): 2: [1, 1, 2, 1],

for a in range(NA//POA): 4: [1, 2’ 2, 1]’

. _ . * . ) J J J

L to[],k,a]+=A[j,a]*B[k,a] 3: [2, 2, 2, 1],
12: [2, 2, 3, 1],

[tl = np.tensordot(X, tO, axes=([1,2], [0,1])) ] 16° [2, 2, 4, 1],
27 [3, 3, 3, 1],

32: [2, 4; 4: 1]:

64: [4, 4_’ 4) 1])

125: [5, 5, 5, 17,

128: [4, 4, 8, 1],

252: [6, 6, 7, 1],

Optimal Tile Sizes 256: [4, 8, 8, 1],

. §%/ 512: [8, 8, 8, 1],
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Computation and Data Distribution @
P=pPP PP

[tl = np.tensordot(X, t@, axes=([1,2], [0,1])) ]

3 7
X[1,],k | 0 :
[1,3,K] P;c ) /(0’1'1)/(1’1’1) one computation block per rank

PO =1p® =0 2 6 %
(0,1,0) | (1,1,0)

(0)
P;
format: 0 4 /
process ID (rank) (0,0,0) | (1,0,0) one data X block per rank
0) _(0) (0
(v®p"pi%) —~

D
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Data Distribution: Replication @
P=pPP PP
(%or j in range(NJ//P0OJ): A
for k in range(NK//POK):
for a in range(NA//POA):
: AT AT%
L to[3,k,al+=A[j,a]*B[k,a]
A[jJa] pgcﬂ) / /
2or3orb6or?7 2
(2,1,?) (0,1,0) /
p;”
Oorlor4dor5 0 // J
(2,0,?) p(© (0,0,0)
J

(0)
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Data Distribution: Replication @
P=pPP PP

(%or j in range(NJ//P0OJ): A
for k in range(NK//POK):
for a in range(NA//POA):
\_ t@[j)k)a]+=A[j)a]*B[k)a] y
Alj,a] (0) / /
Py
AlLLof 2,3,6,7 2
(2,1,?) (0,1,0) /
p;”
ALLofO,1,4,5 0 / J
(2,0,?) (0) (0,0,0)
Pj
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Data Distribution: Replication @
_ p(0) p(0) (0) (0)
P=P;"P”P,’P,
(%or j in range(NJ//P@J): ) (7/ {i, j, k, a} )
for k in range(NK//POK): int remain A[4] = {1, 0, 1, 0};
for a in range(NA//POA): MPI Comm grido A;
t0[j,k,a]+=A[j,a]*B[k,a] y MPI Cart sub(grid@, remain_A, &grido A);
. MPI Bcast(A, count, datatype, leader,
\;, grido A); 4/
AL3,a] pO
ALLof2,3,6,7 e 2
(?’1’?) rep (0}1;0) / /
ALLofO,1,4,5 p@)
"(?6?; ’ replication 0 J
T p;” (0,0,0)

(0)
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Data Distribution: Partial Sums @
P=pPP PP

np.tensordot(X, tO, axes=([1,2], [0,1])) ]

Oorlor|d4or5or

2or3 6or7 (0)
0,2,2) | (2,1,2) 0 4 / Pj
(0,0,0) | (1,0,0)
—— —_—
(0) (0)
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Data Distribution: Partial Sums @
P=pPP PP

np.tensordot(X, tO, axes=([1,2], [0,1])) ]

output has partial sums (0)
pV/ /

ALL of | ALL of /
0,1,2,3|4,5,6,7 (0)
(0,2,2) | (2,1,2) 0 4 / Pj

(0,0,0) | (1,0,0)
—_— —_—
(0) (0)
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Data Distribution: Partial Sums @
p=pP2POPYP

(// {i, j, k, a} \

int remain_t1[4] = {6, 1, 1, 0};

MPI_Comm gride t1;

MPI Cart sub(grid@, remain_t1, &grido tl1);

MPI _Allreduce(MPI_IN PLACE, t1, count,
datatype, leader, MPI SUM,

np.tensordot(X, t@, axes=([1,2], [9,1])) ]\ grido_t1); j

output has partial sums (0)

reduction / /

ALL of | ALL of

0,1,2,3|4,5,6,7 (0)
reduction (0,0,0) (1,0,0)
— —————
© ©
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Data Redistribution (4)

_ p©® p(0) p(0) p(0)
P =P PP P,

np.tensordot(X, tO, axes=([1,2], [6,1 3 7
- & (L2, [0,11) | p% (0,1,1) (1,1,1)
reduction 2 6
ALLof | ALLof (0,1,0) / (1,1,0) /
0,1,2,3|4,5,6,7
(0)
reduction (0,0,0) (1,0,0)
——p —_—
(0) (0)
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Data Redistribution (4)
_ p(0) p(0) p(0) p(0)
P=P"P"PLP gpid_ila iy \
# [i, 1, a]
1: [1, 1, 1],
2: [1J 1, 2])
4 [1, 2, 21,
8 [2, 2, 2],
12:  [2, 2, 3],
16:  [2, 2, 4],
27:  [3, 3, 3],
32: [2, 4, 4],
64: [4, 4, 4],
125: [5, 5, 5],
128: [4, 4, 8],
[(/ . 252: [6, 6, 7], A
p = pWp@Wp® int dims[3 256:  [4, 8, 8],
i l a int pEPIOd 512 [8, 8, 8],
[out - t1@C ] MPI_Comm g
MPI Cart_cr

\_
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Data Redistribution @
gr'id_ijka = { \ gr‘id_ila = { \
# [iJ j) K, a] # [i) 1, a]
1: [1, 1, 1, 1], 1: [1, 1, 1],
2: [1) 1, 2, 1]) 2: [1) 1, 2])
4. [1: 2, 2, 1]: 4: [1J 2, 2]:
8: [2, 2, 2, 1], 8: [2, 2, 2],
12:  [2, 2, 3, 1], 12:  [2, 2, 3],
16:  [2, 2, 4, 1], 16:  [2, 2, 4],
27:  [3, 3, 3, 1], 27 [3, 3, 3],
32: [2, 4, 4, 1], 32: [2, 4, 4],
64: [4, 4, 4, 1], 64: [4, 4, 4],
125: [5, 5, 5, 1], 125: [5, 5, 5],
128: [4, 4, 8, 1], 128: [4, 4, 8],
252: [6, 6, 7, 1], (?7 252: [6, 6, 71, A
256: [4, 8, 8, 1], int dims[3 256: [4, 8, 8],
512: [8, 8, 8, 1], int period 512: [8, 8, 8],

\_
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Data Redistribution (4)

p=POpPOpYpD p;«

tl[i,a]

(0,0,0)

0,1,2,3|4,5,6,7
(01?;? (?}1;?)
(0)
D;
_ p@) p1) p(1)
p=pPDp®pC
1,3 5,7
(0,2,0) | (0,?,0)
0,2 4,6
(0,?,0) | (0,?,0)
1
pV

(0,0,0)

(0)

((0,0,1)

(1,0,0)

(1,0,0)

(1,0,1)

Q

(1)



Data Redistribution
P=P PP PY

tl[i,a]

1
P

0,1,2,3|4,5,6,7
(01?;? (?}11?)
(0)
D;
_ p@) p1) p(1)
p =P pMpl
1,3 5,7
(0,2,0) | (0,?,0)
0,2 4,6
(0,?,0) | (0,?,0)
1
pV

sub-communicator
root processes
send/recv blocks

(0,1,0)

(0,0,0)

(0)

((0,0,1)

spcl.inf.ethz.ch

ETHzurich

L 4 @spcl_eth

(1,0,0)

(0)
p;j

5 (1)
(1,0,1) | )P



Data Redistribution
P=P PP PY

tl[i,a]

1
P

0,1,2,3|4,5,6,7
(01?;? (?}11?)
(0)
D;
_ p1)p)p1)
p = pVpMp§
1,3 57
(0,2,0) | (0,?,0)
0,2 4,6
(0,2,0) | (0,?,0)

1
ptV

sub-communicator
root processes
send/recv blocks

spcl.inf.ethz.ch
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and broadcast
to the rest

ETHzurich

Q
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Automated code generation: from DaCe-Python to C++ (5)
(érid@ = mpi.Cart_create(dims=[POI,P0J,POK,POA]) Nwﬂconnn‘\

grido tl1 = mpi.Cart_sub(comm=grid@, remain=[False,True,True,False]) interface
gridl = mpi.Cart_create(dims=[P1I, P1L, P1A])
gridl out = mpi.Cart_sub(comm=gridl, remain=[False,False,True])

# ja,ka->jka
t0 = np.zeros((NJ//P0J, NK//POK, NA//POA), dtype=X.dtype)
for j in range(NJ//P@J):
for k in range(NK//PoK): products without
for a in range(NA//POA): contraction: for-loops
t@[jJ K, a] += A[j) a] * B[kJ a]

# ijk,jka->ia
tl = np.tensordot(X, tO, axes=([1, 2], [0, 1]))
mpi.Allreduce(tl, comm=grid@ tl1l, op=mpi.SUM)

dot products: tensordot

MPI collectives

t2 = deinsum.Redistribute(tl, comml=grid@, comm2=gridl)

# ia,al-»>il data redistribution
out = t2 @ C
mpi.Allreduce(out, comm=gridl out)

.
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Automated code generation: from DaCe-Python to C++ (5)
7 - N
int gridl remain[4] = {0, 1, 1, 0}; (CUDA-aware) MPI
MPI Cart sub(grid® comm, pgridl remain, &gridl comm);

MPI Comm rank(gridl comm, &gridl rank);

\MPI_Cart_coords(gridl_comm, grid 1 rank, 2, grid 1 coords);

e )
#pragma omp parallel for CPU — OpenMP

for (auto j = 0; j < S1; J += 1) GPU - CUDA kernels
for (auto k = 0; k < S2; k += 1)
for (auto a = 0; a < S3; a += 1)
tO[S3*S2*j + S3*k + a] = A[S3*j + al]* B[S3*k + a];

\ y
4 ™
cblas dgemm(CblasColMajor, CblasNoTrans, CblasNoTrans,
*
iBé Sgé S;3SZQ S1%52 PO TTGT
c? ? Y ? GPU — cuTENSOR
0.0, t1, S3);
\. y,
MPI_Allreduce(MPI_IN PLACE, out, S@*S3, MPI_DOUBLE, MPI_SUM,
gridl comm);




Results: CPU

Runtime [s]

3MM

2.4x
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; @spzl_eth E'HZUFICh

weak scaling @
Piz Daint 1 — 512 nodes

total Intel E5-2690 v3 (12 cores)

runtime S  Deinsum

1 CTF

18.1x compute runtime
MTTKRP-05-MO 35 4 TTMc-05-MO
301 16.0x
25 -
20
151
10
5 -
0
ﬁquuﬁogggﬁg ﬁNqoou:N<r§§§

Number of Nodes
50



Results: CPU

Runtime [s]

. total
bottleneck: collectives runtime
on sub-communicators

2.4x 18.1x
3MM MTTKRP-O5-MO0
5 |
4 -
3 -
| 7.
64 tiles “tiling” dimensions b 1 tile
512: [8% 8, 8] 512: [, 16, 32, 1, 1,5 1]

spcl.inf.ethz.ch oo o
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weak scaling @
Piz Daint 1 — 512 nodes

Intel E5-2690 v3 (12 cores)

"y Deinsum
] CTF
compute runtime
35 - TTMc-05-MO0
301 16.0x
25 -
20 -
15 -
S ||
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. runtime with data already weak scaling
RESUltS. GPU in GPU global memory Piz Daint 1 — 512 nodes @
Nvidia P100
total "y Deinsum
runtime 7 CTF
MTTKRP-O5-MO0 TTMc-05-M0
3.0 5 30
25 25
4
= 2.0 20
) 3
E 15 15
c
2
& 1.0 10
> all II“ | il
alll LILREREET ahhithll;
HNQ’OOLDN FINQ'OOLDN FINQ'OO&DN
A B 4 » 3 ﬁ m S n 3 2 m S

Number of Nodes
53
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Conclusions

@ : : : : Communication-optimal schedules
(:) Inout Split to binary operations
npu

ijk,ja, ka,al » il 1% ka — jka @ @

ijk, jka - ia oSk Ty /e

[
ia,al - il N

ika ' :

J a il
@Iteration spaces and distribution Automated code generation Results
| : e for j in range (NJ//P0J) : - up to 19x speedup over CTF
teration space partition: for k in range (NK//POK) : - CPU and GPU support
MPI Cart sub for a in range (NA//POA) :
Distribute initial Fol kel AL Al E B el 1.0 . ’
' einsum (o] 2.0

data: tl = np.tensordot (X, tO, c ot g &

0g = CTF GPU (tot)
MPI Broadcast axes=([1, 2], [0,

MM
17) _ mmm Deinsum (GPU Res.) 1.5
mpi.Allreduce(tl, comm=gridO t1l) guﬁ | | |
Eo0.4 111 1il;
t2 = deinsum.Redistribute (tl, 02 . _ 5 111k

=
o

o
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